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ÄkïáÚn,ù´ 2007 c�\|æêÆc������ÁK.

Ún � P (x) ´'u x ��Xêõ�ª, degP �óê, � P �Ä��

��²�ê. e�3Ã¡õ� x ∈ N∗ ¦� P (x) ���²�ê, K7�3

Q(x) ∈ Q[x], ¦ P (x) = Q(x)2 .

y² � P (x) = a22tx
2t + a2t−1x

2t−1 + · · · + a0, Ù¥ a2t, a2t−1, · · · , a0 ∈ Z,

a2t > 0.

ky²�3 S(x) = btx
t + · · · + b0, S ∈ Q[x],¦� deg(P − S2) ≤ t − 1½

P = S2.

·�$^��{8By²·K: é?¿Ø�u t ��K�ê k, �3

bt, bt−1, · · · , bk ∈ Q,¦�

deg(P (x)− (btx
t + · · ·+ bkx

k)2) ≤ t+ k − 1. (∗)

� t = k�, � bt = a2t=�.

b�·Ké k( k ∈ N∗, k ≤ t)¤á.

e¡�Ä k − 1 ��¹, d8Bb���3 bt, bt−1, · · · , bk ∈ Q, ¦�

P (x)− (btx
t + ......+ bkx

k)2�gêØ�u t+ k − 1�õ�ª.

@oéu?¿ bk−1 ∈ Q, P (x)− (btx
t + ......+ bkx

k + bk−1x
k−1)2��gêØ

�u t+ k − 1�õ�ª,
§� t+ k − 1�Xê�

at+k−1 − 2btbk−1 −
t−k−1∑
i=0

bt−1−ibk+i.

?¾FÏ: 2019-05-31.
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�

bk−1 =

at+k−1 −
t−k−1∑
i=0

bt−1−ibk+i

2bt
,

K�� P (x)− (btx
t + · · ·+ bkx

k + bk−1x
k−1)2�gêØ�u t+ k − 2�õ�ª,

ùÒ�¤
8BLÞ.

l
 (∗)�y.

3 (∗)¥� k = 0,K��3 S(x), R(x) ∈ Q[x], Ù¥ degR ≤ t− 1½ R ≡ 0

�÷v P (x) = S(x)2 +R(x).

eyd�7k R ≡ 0.

^�y{.b� RØð� 0 .

� R�Ä�Xê���,�3M1 > 0,¦� x > M1�, R(x) > 0 .

P S �¤kXê�©1���ú�ê�m .

du S�Ä�Xê a2t > 0� degR ≤ t−1,K�3M2 > 0,¦�� x > M2

�,
2

m
S(x) +

1

m2
−R(x) > 0.

�M = max{M1,M2},K� X > M �,

S(x)2 < S(x)2 +R(x) < (S(x) +
1

m
)2,

=

S(x)2 < P (x) < (S(x) +
1

m
)2.


 (S(x), S(x) + 1
m
)�½�¹3,�«m (j, j + 1),Ù¥ j ∈ Z, K P (x)�½Ø

´²�ê, ù��3Ã¡õ� x ∈ N∗¦ P (x)���²�êgñ.

� R�Ä�Xê�K�, Ón��Ñgñ.

�b�Ø¤á,K R ≡ 0.

ùÒ`² P (x) = S(x)2. � Q = S,KÚn¼y. �

e¡·�A^Ún,)ûü�¹kJÝ�¿mK.

~ 1 ´Ä�3��dÃ¡õ���ê�¤�8Ü S,¦�?¿ a, b, c ∈ S

(a, b, cpÉ),þk abc+ 1���²�ê?

) Ø�3.

b��3ù��Ã¡8 S,Ø��Ù¥��� 4��� x1, x2, x3, x4(x1 <

x2 < x3 < x4), �Eõ�ª
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f(x) = (x1x2x+ 1)(x2x3x+ 1)(x3x4x+ 1)(x4x1x+ 1),

Kk deg f = 4, f �Ä�Xê� (x1x2x3x4)
2,�é?¿ x ∈ S, f(x)þ���²

�ê. dÚn, �3 g(x) ∈ Q[x],¦� f(x) = (g(x))2,l
 f �z��þ��­

½öo­.

5¿� f �o��� − 1
x1x2

,− 1
x2x3

,− 1
x3x4

,− 1
x4x1

,dS^�� − 1
x1x2
´��

��,§�Ù¦�ÑØ�Ó,gñ.

nþ��,b�Ø¤á,·K¼y. �

~ 2 � a1 < a2 < · · · ´��Ã¡��êS�, y²�3Ã¡õ��ê p,

¦��3��ê i, j, k (i, j, küüØÓ) ÷v p|aiajak − 1.

(2018c�KI[èÀo�ÁÁK)

y² ^�y{,b�(ØØ¤á,K�3k�õ��ê p1, p2, · · · , ps,¦�

é¤küüØÓ� i, j, k,Ñk aiajak − 1��Ïf3 p1, p2, · · · , ps¥.

�Äõ�ª g1(x) = (a1a2x− 1)(a1a4x− 1)(a2a3x− 1)(a3a4x− 1).

� x = ak(k ≥ 5), K g1(x) ��ÏfÑ3 p1, p2, · · · , ps ¥, � g1(x) �

IO©)� g1(x) = pα1
1 p

α2
2 · · · pαs

s , Ù¥ αi ´�K�ê, 3� 2 ¿Âe�

Ä (α1, α2, · · · , αs), �k 2s «�U��,
 x kÃ¡õ���, ù`²�3

{a5, a6, · · · }e�Ã�f8 A1,� a ∈ A1 �, g1(a)�IO©)¥ pi ��g3�

2¿Âe´½�(1 ≤ i ≤ s),�ù s��g3� 2¿Âe� (k11, k12, · · · , k1s),Ù

¥ k1i ∈ {0, 1}(i = 0, 1, · · · , s).

du A1 ´Ã�8,òê� a1, a2, · · · ¥Ø3 A1 ∪ {a1, a2, a3, a4}¥��K,

ØK�?Ø,Ø�� A1 = {a5, a6, · · · }.

aq/,�Äõ�ª g2(x) = (a5a6x− 1)(a5a8x− 1)(a6a7x− 1)(a7a8x− 1).

�x = ak(k ≥ 9),K g2(x)��ÏfÑ3 p1, p2, · · · , ps¥,��3 {a9, a10, · · · }

�Ã¡f8 A2, � a ∈ A2 �, g2(a) �IO©)¥ pi ��g3� 2 ¿Âe

´½�(1 ≤ i ≤ s), �ù s ��g3� 2 ¿Âe� (k21, k22, · · · , k2s), Ù¥

k2i ∈ {0, 1}(i = 1, 2, · · · , s).

­Eþ¡�Ú½,�±UYé�õ�ª gj(x)Ú s�ê| (kj1, kj2, · · · , kjs),

÷v� x ∈ Aj(Aj �Ã¡8)�, gj(x)�IO©)¥ p1, · · · , ps��g� 2¿Â

e� (kj1, · · · , kjs),Ù¥ j = 3, 4, · · · , 2s.5¿� s� 0, 1ê|�k 2s«��,d

ÄT�n,�3 1 ≤ j < j′ ≤ 2s+1,¦� (kj1, kj2, · · · , kjs) = (kj′1, kj′2, · · · , kj′s).
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P b1 = a4j−3, b2 = a4j−2, b3 = a4j−1, b4 = a4j, b5 = a4j′−3, b6 = a4j′−2, b7 =

a4j′−1, b8 = a4j′ .

du A1 ⊇ A2 ⊇ · · · ⊇ Aj′ ,Ké?¿ x ∈ Aj′ , gj(x)� gj′(x)¥ p1, p2, · · · , ps
��g�Ûó5�Ó,ù`² gj(x)� gj′(x)�¦È���²�ê.

�Eõ�ª

f(x) =(b1b2x− 1)(b2b3x− 1)(b3b4x− 1)(b4b1x− 1)

· (b5b6x− 1)(b6b7x− 1)(b7b8x− 1)(b8b5x− 1).

Ké?¿ x ∈ Aj′(Aj′ �Ã¡8), f(x)���²�ê.q deg f = 8, f �Ä�X

ê� (
8∏
i=1

bi)
2,dÚn��3knXêõ�ª h(x),¦ f(x) = h(x)2,@o f �z

��þ´óê­�.


 f � 8���g� 1
b1b2

, 1
b2b3

, 1
b3b4

, 1
b4b1

, 1
b5b6

, 1
b6b7

, 1
b7b8

, 1
b8b5

,dcã½Â��

b1 < b2 < · · · < b8, ù`²
1

b1b2
�uÙ{ 7��,KÙ�ü�,gñ.

nþ��,b�Ø¤á,·K�y. �

A^Ún)ûda¯K�,Ø%3u�E��õ�ª÷vÚn¥�^�.~

1 ¥�õ�ª´w
´����,~ 2 ¥�õ�ªKéå5�s��õÅ,I�

¦^õgÄT�né��ê�m�éó'X,l
�EéA�õ�ª.'uÃ¡

��êS��¯KéõÑ'�(J,�©,8¿»&Äù�a¯K,F"éÖö

k¤�Ï.

�� a�u¥���N¥oïIP�ÚuÀ���ÆÛ�uP�c["

�
�©¿JÑ��B?U¿�.

www.nsmath.cn 4


