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I. ÁÁÁ KKK

1. � x1, x2, · · · , x2019´¢ê, �÷v x1 + · · ·+ x2019 ∈ Z. ¦∑
1≤i<j≤2019

{xi + xj}

����.

(ìÜ�ÆNá¥Æ�[UøK)
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2. Xã, b� 4ABC ¥, H �R%, E,F 3 BC

þ, EH ⊥ HF , ò� EH � AC �u M, ò� FH �

AB �u N . H1, H2 � 4BNF,4CME �R%. y²:

H1, H,H2��.

(2Ü�²©�øK)

3. � n, r���ê, n > r.ò�±þ�½� 2n�:/ n«ôÚ,zÚ/ 2

�:,�?Ûü�ÓÚ:�mTk r�:.

(1) Á¯: n, rUÄÓ�Ûêº

(2) XJ r + 1��ê,¦ n�¤k�U��.

(�ep?¥Æ¾�¸ øK)

4. y²:�3�N��ê���ü� a1, a2, · · · ,¦�é?¿g,ê i,þk

(ai, ai+1) ≥
i

2
.

?¾FÏ: 2019-06-25.
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(xÔ'æ�Æ5[»øK)

5. � n´��ê, 2n�¢ê xi, yi(1 ≤ i ≤ n)÷v
n∑
i=1

x2i =
n∑
i=1

y2i = 1.

®� 0 < λ1 ≤ λ2 ≤ · · · ≤ λn, 1 ∈ [λ1, λn].y²:

λ1 ≤
n∑
i=1

λix
2
i +

(
n∑
i=1

xiyi

)2

−

(
n∑
i=1

λixiyi

)2

n∑
i=1

λiy2i

≤ λn.

(�®�Æ�ºZøK)

6. é>pØ²1�o>/ ABCD S�u �O.�é�� AC,BD �u:

P , �� AD,BC �u: E, M ´ OP �¥:. ®� 4AOB,4COD,4APB,

4CPD�	%��, y²:T��%´4OME �R%.

(¥I<¬�ÆNá¥ÆÜà�øK)

///. ))) ���

K 1 � x1, x2, · · · , x2019´¢ê, �÷v x1 + · · ·+ x2019 ∈ Z. ¦∑
1≤i<j≤2019

{xi + xj}

����.

) ·�^Ûê n�O 2019)û����¯K:

� n´Ûê, x1, x2, · · · , xn´¢ê, �÷v x1 + · · ·+ xn ∈ Z. ¦∑
1≤i<j≤n

{xi + xj}

����.

ÚÚÚnnn � [0, 1)þ�¢ê a1, a2, · · · , ak ÷v a1 + a2 + · · ·+ ak ∈ Z,K
k∑
i=1

ak ≤ k − 1.

Úny² ¯¢þ,5¿�

k∑
i=1

ak < k,
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(Ü a1 + a2 + · · ·+ ak ∈ Z��
k∑
i=1

ak ≤ k − 1.

�Ún¼y.

£££������KKK.5¿�∑
1≤i<j≤n

{xi + xj} =
1

2

n−1∑
k=1

n∑
i=1

{xi + xi+k},

éz���ê k (1 ≤ k ≤ n− 1),
n∑
i=1

{xi + xi+k} = 2
n∑
i=1

xi −
n∑
i=1

bxi + xi+kc

´���ê,dÚn��
n∑
i=1

{xi + xi+k} ≤ n− 1,

� ∑
1≤i<j≤n

{xi + xj} ≤
(n− 1)2

2
,

� x1 = x2 = · · · = xn = n−1
2n
��Ò¤á.¯¢þ,d n´Ûê, {xi} = n−1

2n
< 1

2
,

K ∑
1≤i<j≤n

{xi + xj} =
∑

1≤i<j≤n

n− 1

n
=

(n− 1)2

2
.

�é���¯K���� (n−1)2
2

.

AO�,� n = 2019�,¤¦���� 2036162. �

µ5 ù´��¥�JÝ��êK,�|þk 32% �Æ)�édK,TK'

·�ýÏ�JÝ��,�U��Ï´Æ)Ø�ò�?n�k|Ü¿��Ø�ª.

�K�'�3uUeI��nÚª,éz�«eI�Ïé��ÛÜØ�ª,|^

Ún=��Ñ(Ø.

dK��µ´ 2014c�®�Æ]Ôm��K:

a1 + a2 + · · ·+ a6 = 2014,¦
∑

1≤i<j≤6
bai + ajc����.

CAc�Ñy
Ø���êÜ©�Úk'�¿mK,~X 2018c¥IÜÜ

êÆ��m1�K:

��ê n ≥ 2,��ê x1, x2, · · · , xn÷v x1x2 · · ·xn = 1,y²:

{x1}+ {x2}+ · · ·+ {xn} <
2n− 1

2
.
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K 2 Xã,b� 4ABC ¥, H �R%, E,F 3 BC þ, EH ⊥ HF , ò�

EH�AC�uM,ò� FH�AB�uN .H1, H2�4BNF,4CME�R%.

y²: H1, H,H2��.

H2

H1

N

F

M

H

A

B CE

Q

P

H2

H1

N

F

M

H
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B CE

y² 1 (úúúôôôWWW���������¥¥¥ÆÆÆ¸̧̧###���) ò� BH1!CH2©O�NF!EM �

u P!Q. du BP,EM Ñ� FN R�,Kk BP � EM.

Ón, CQ �NF,BH � EH2, CH � FH1. ¤±

4BPF ∼ 4EQC,4BPH ∼ 4EQH2,4CQH ∼ 4FPH1.

�
H1P

HQ
=
PF

QC
=
BP

EQ
=

PH

QH2

,

l4H1PH �4HQH2�q.

5¿� H1P � HQ,PH � QH2, @o 4H1PH � 4HQH2  q. ¤±

H1H �HH2.� H1!H!H2n:��. �

y² 2 (oookkkLLL)

S

T

X

Q

P

H2

H1

N

F

M

H

A

B CE
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��� BH � AC �u P,�� CH � AB�u Q,�� BH1� CH2�u

S,�� PH2� QH1�u T.5¿�

tan∠CPH2 =
H2X

XP
=
H2X

XM
· XM
XP

= cot∠C · EM
EH

= cot∠C ·
EC · sin∠C

sin∠EMC

EC · cos∠B
sin∠EHC

=
sin∠EHC
sin∠EMC

,

Ón,

tan∠BQH1 =
sin∠FHB
sin∠FNB

.

�

tan∠CPH2 · tan∠BQH1 =
sin∠EHC · sin∠FHB
sin∠EMC · sin∠FNB

= 1,

�����Ò^
 ∠EHC = π − ∠FNB,∠FHB = π − ∠EMC.

¤± ∠CPH2 + ∠BQH1 =
π
2
,ù`²: T 3± BC ��»��þ. q5¿

� BH1 ⊥ FN,CH2 � FN,K BH1 ⊥ CH2,∠BSC = π
2
. @o P,Q, S, T þ3±

BC ��»��þ,é�S�8>/ BPTQCS ¦^ Pacal½n� H,H1, H2 �

�. �

µ5 ù´��{ü�AÛK,�|þ� 70% �Æ)�é.þãü�){þ

�©|©,){ 1ÏLé�qn�/Ú�'~5y²4H1PH �4HQH2 q,

ly�(Ø;){ 2��é����S�8>/,¦ H,H1, H2 ©O´ù�8

>/n|é>��:,d Pascal½n�±y�(Ø.

K 3 � n, r���ê, n > r.ò�±þ�½� 2n�:/ n«ôÚ,zÚ/

2�:,�?Ûü�ÓÚ:�mTk r�:.

(1) Á¯: n, rUÄÓ�Ûê?

(2) XJ r + 1��ê,¦ n�¤k�U��.

) (úúúôôôWWW���������¥¥¥ÆÆÆ¸̧̧###���) ·�y²: n, r÷v�¿�^��

v2(n) ≥ v2(r + 1). (∗)

Ù¥ v2(m)L«m¤¹� 2��g.

�E 2n�º:�k�ã G,Ùº:éA 1, 2, · · · , 2n.éº: i, j,ë> i→ j

��=�

j − i ≡ r + 1 (mod 2n),

� r + 1 = n�,#NÓ�k> i→ j Ú j → i.
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K�¥�^��du�3 G¥é n^k�>,ØØ¦/CX
 G�¤k

º:.5¿�ã GdeZ�|¤,�é?¿º: i,¹T:�k���Ý l=�

÷v l(r+ 1) ≡ 0 (mod 2n) �����ê,= 2n
(2n,r+1)

.u´ã GTd (2n, r+ 1)

�k��|¤,�z�k���Ý� 2n
(2n,r+1)

.

K�¥�^��du G¤¹�z�k��þ�ó�,= 2n
(2n,r+1)

�óê,ù

�du v2(2n) > v2(r + 1),= v2(n) ≥ v2(r + 1).

(1)d (∗)�, n, rØUÓ��Ûê.

(2)e r + 1��ê,©ü«�¹.

� r + 1 = 2�,d (∗), n����óê.

� r + 1�Û�ê�,d (∗), n����u r��ê. �

µ5 ù´��¥�JÝ�|ÜK,�|þ� 36% �Æ)�é.þã){�

�?Ø
����¹,2r¯K=�¤ãØ¯K�*	�K�^��duã¥

z�k��þ�ó�,l��
��¯K�¿�^�� v2(n) ≥ v2(r + 1),2

�)û�K�ü¯Ò�©N´
.

K 4 y²:�3�N��ê���ü� a1, a2, · · · ,¦�é?¿g,ê i,þ

k

(ai, ai+1) ≥
i

2
.

y² ·�^8B{�E÷v^��ü�.

� a1 = 1, a2 = 2,¤á.

b�é k ∈ N∗,®²À�
 a1, a2, · · · , a2k ÷vK8^�.

� a2k+2 �Ø3 a1, a2, · · · , a2k ¥Ñy�����ê, 2� a2k+1 �Ø3

a1, a2, · · · , a2k, a2k+2¥Ñy�,� a2k, a2k+2�ú�ê.

e¡`²ù���E÷v�¦.

d�E��{�,z���êT3 {ai}i∈N∗ ¥Ñy�g,�´�N��ê�

��ü�. ,	,é?¿ s ∈ N∗,k

a2s > a2s−2 > · · · > a2 = 2,

� a2s ≥ s+ 1. u´é?¿ j ∈ N∗,þk

(a2j, a2j+1) = a2j ≥ j + 1 ≥ 2j

2
,

(a2j+1, a2j+2) = a2j+2 ≥ j + 2 ≥ 2j + 1

2
.
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l§÷v�¦.�(Ø¤á. �

µ5 ù´��¥�JÝ�êØ�EK,�|þ� 42% �Æ)�é.^8B

{5�E´'�g,��{,�
÷vK8^�38BLÞ�����c¡v

kÑy�����ê,2���¦�§´c�Ú���ú�ê,��I©Ûê 

Úóê �E=�÷v�¦.

�K´ 2011c¥II[8ÔèÀo�Á1ÊK�_�?Ø,�KXe:

� a1, a2, · · · ��N��ê���ü�.y²:�3Ã¡õ���ê i,¦�

(ai, ai+1) 6
3

4
i.

K 5. � n´��ê, 2n�¢ê xi, yi(1 ≤ i ≤ n)÷v
n∑
i=1

x2i =
n∑
i=1

y2i = 1.

®� 0 < λ1 ≤ λ2 ≤ · · · ≤ λn, 1 ∈ [λ1, λn].y²:

λ1 ≤
n∑
i=1

λix
2
i +

(
n∑
i=1

xiyi

)2

−

(
n∑
i=1

λixiyi

)2

n∑
i=1

λiy2i

≤ λn.

y² 1 (������ÉÉÉgggnnn¥¥¥���������) du 0 < λ1 ≤ · · · ≤ λn,@o

λ1

n∑
i=1

x2i ≤
n∑
i=1

λix
2
i ≤ λn

n∑
i=1

x2i .

�y�Ø�ª�Iy

λ1

1−

(
n∑
i=1

xiyi

)2
 ≤ n∑

i=1

λix
2
i −

(
n∑
i=1

λixiyi

)2

n∑
i=1

λiy2i

≤ λn

1−

(
n∑
i=1

xiyi

)2
 ,

ò^�
n∑
i=1

x2i =
n∑
i=1

y2i = 1 �\Ù¥,þª�du

λ1


n∑
i=1

x2i −

(
n∑
i=1

xiyi

)2

n∑
i=1

y2i

 ≤
n∑
i=1

λix
2
i−

(
n∑
i=1

λixiyi

)2

n∑
i=1

λiy2i

≤ λn


n∑
i=1

x2i −

(
n∑
i=1

xiyi

)2

n∑
i=1

y2i

 ,

òþªÓ¦
n∑
i=1

y2i ,|^.�KFð�ª��þª�du

λ1

n∑
i=1

λiy
2
i

∑
1≤j<k≤n

(xjyk − xkyj)2 ≤
n∑
i=1

y2i
∑

1≤j<k≤n

(xjyk − xkyj)2 λjλk

7 êÆ#(�



≤ λn

n∑
i=1

λiy
2
i

∑
1≤j<k≤n

(xjyk − xkyj)2 .

eyþªé¢ê x1, · · · , xn, y1, · · · , ynÚ 0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λn¤á.

n = 1�,þª¤á.e y1, y2, · · · , yn¥k��� 0,� yj0 = 0,Kd

λ1x
2
j0

n∑
j=1

λjy
2
j

n∑
i=1

y2i ≤
n∑
i=1

y2i

n∑
j=1

λjλj0x
2
j0
y2j ≤ λnx

2
j0

n∑
j=1

λjy
2
j

n∑
i=1

y2i

�,�Iy²Ø� xj0 , lj0 � n− 1�Ø�ª��/,ù�Øä?1e���Ø�

�
n∏
j=1

yj 6= 0.

P ai = y2i , bi = λiy
2
i , ui =

xi
yi
(i = 1, 2, · · · , n).=y:

min
1≤l≤n

{
bl
al

} n∑
i=1

bi
∑

1≤j<k≤n

ajak(uj − uk)2 ≤
n∑
i=1

ai
∑

1≤j<k≤n

bjbk(uj − uk)2

≤ max
1≤l≤n

{
bl
al

} n∑
i=1

bi
∑

1≤j<k≤n

ajak(uj − uk)2.

e¡3��¿Âey²þãØ�ª(Ø´K8��^�e).dé¡5,�Iy

m>Ø�ª=�.

duØ�ª'u¤k� ai ½ bi ´àg�, Ø�� max
{
bi
ai

}
= 1, K

ai ≥ bi > 0(i = 1, 2, · · · , n).

�Oþ�� xi = ai − bi(i = 1, 2, · · · , n),K xi ≥ 0.ò ai = bi + xi�\��
n∑
i=1

bi
∑

1≤j<k≤n

ajak(uj − uk)2 −
n∑
i=1

ai
∑

1≤j<k≤n

bjbk(uj − uk)2

=
n∑
i=1

bi
∑

1≤j<k≤n

(bjxk + bkxj + xjxk)(uj − uk)2 −
n∑
i=1

xi
∑

1≤j<k≤n

bjbk(uj − uk)2

≥
n∑
i=1

bi
∑

1≤j<k≤n

(bjxk + bkxj)(uj − uk)2 −
n∑
i=1

xi
∑

1≤j<k≤n

bjbk(uj − uk)2

=
n∑
i=1

xi

(
n∑
k=1

bk

n∑
j=1

bj(ui − uj)2 −
∑

1≤j<k≤n

bjbk(uj − uk)2
)

=
n∑
i=1

xi

(
n∑
k=1

bk(ui − uk)

)2

≥ 0,

�y. �

y² 2 (ìììÜÜÜ���ÆÆÆNNNááá¥¥¥ÆÆÆ���[[[UUU) �

f(λ1, λ2, · · · , λn) =
n∑
i=1

λix
2
i +

(
n∑
i=1

xiyi

)2

−

(
n∑
i=1

λixiyi

)2

n∑
i=1

λiy2i

,
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é?¿ 1 ≤ k ≤ n, k

∂f

∂λk
= x2k −

2

(
n∑
i=1

λixiyi

)
(xkyk)

(
n∑
i=1

λiy
2
i

)
−

(
n∑
i=1

λixiyi

)2

· y2k(
n∑
i=1

λiy
2
i

)2

=

(
xk

(
n∑
i=1

λiy
2
i

)
−

(
n∑
i=1

λixiyi

)
· yk

)2

(
n∑
i=1

λiy
2
i

)2

≥ 0,

� f 'uz� λk Ñ´üN4O�,l�¤k λk � λ1 � f ����,�¤k

λk � λn� f ����.

�¤k λk � λ1�,

f =
n∑
i=1

λ1x
2
i + (

n∑
i=1

xiyi)
2 − λ1(

n∑
i=1

xiyi)
2 = λ1 + (1− λ1)(

n∑
i=1

xiyi)
2 ≥ λ1,

�¤k λk � λn�,

f =
n∑
i=1

λnx
2
i + (

n∑
i=1

xiyi)
2 − λn(

n∑
i=1

xiyi)
2 = λn + (1− λn)(

n∑
i=1

xiyi)
2 ≤ λn.

nþ��,(Ø¤á. �

y² 3 (���®®®���ÆÆÆ���ºººZZZ) ·�y²'�K�r�(Ø:

λ1 ≤
n∑
i=1

λix
2
i +

(
n∑
i=1

xili

)2

−

(
n∑
i=1

λixili

)2

n∑
i=1

λil2i

≤
n∑
i=1

λix
2
i +

(
n∑
i=1

xili

)2

+

(
n∑
i=1

λili

)2

− 2

(
n∑
i=1

λixili

)(
n∑
i=1

xili

)
≤ λn.

(∗)

éu(∗)¥m�Ø�ª,dþ�Ø�ª

(
n∑
i=1

λil
2
i

)(
n∑
i=1

xili

)2

+

(
n∑
i=1

λixili

)2

n∑
i=1

λil2i

≥ 2

(
n∑
i=1

λixili

)(
n∑
i=1

xili

)
.

�Ø�ª¤á.
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éu(∗)��>�Ø�ª,- ui = λi − λ1,@o ui ≥ 0.P b =
n∑
i=1

xili,K

λ1 ≤
n∑
i=1

λix
2
i +

(
n∑
i=1

xiki

)2

−

(
n∑
i=1

λixili

)2

n∑
i=1

λil2i

⇔ 0 ≤
n∑
i=1

(λi − λ1)x2i + b2 −

[
n∑
i=1

(λ1 + ui)xili

]2
n∑
i=1

(λ1 + ui) l2i

⇔ 0 ≤
n∑
i=1

uix
2
i + b2 −

(
n∑
i=1

uixili + λ1b

)2

n∑
i=1

uil2i + λ1

⇔

(
n∑
i=1

uix
2
i + b2

)(
n∑
i=1

uil
2
i + λ1

)
≥

(
n∑
i=1

uixili + λ1b

)2

.

du 0 < λ1 ≤ 1,@o λ1 ≥ λ21,2(Ü�ÜØ�ª�(
n∑
i=1

uix
2
i + b2

)(
n∑
i=1

uil
2
i + λ1

)
≥

(
n∑
i=1

uix
2
i + b2

)(
n∑
i=1

uil
2
i + λ21

)

≥

(
n∑
i=1

uixili + λ1b

)2

.

�Ø�ª¤á.

éu(∗)�m>�Ø�ª,- vi = λn − λi,K vi ≥ 0. b�PÒ��c��,K

n∑
i=1

λix
2
i +

(
n∑
i=1

xili

)2

+

(
n∑
i=1

λil
2
i

)(
n∑
i=1

xili

)2

− 2

(
n∑
i=1

λixili

)(
n∑
i=1

xili

)
≤ λn

⇔ b2 +

(
n∑
i=1

(λn − vi) l2i

)
b2 − 2

(
n∑
i=1

(λn − vi)xiλi

)
b ≤

n∑
i=1

(λn − λi)x2i

⇔ b2 + λnb
2 −

n∑
i=1

vil
2
i b

2 − 2λnb
2 + 2

n∑
i=1

vixilib ≤
n∑
i=1

vix
2
i

⇔ b2 ≤ λnb
2 +

n∑
i=1

vix
2
i +

n∑
i=1

vil
2
i b

2 − 2
n∑
i=1

vixilib

⇔ b2 ≤ λnb
2 +

n∑
i=1

vi (xi − lib)2 .

du vi ≥ 0, λn ≥ 1,�Ø�ª¤á.

nþ��, (∗)¤á,l�Ø�ª¼y. �

µ5 ù´���~(J�Ø�ª¯K,�|þ� 1%�Æ)�é.{ 1k^
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K�^�é�Ø�ª�àgz?n,2�Cþ���3��¿Âey²=z�

��Ø�ª;{ 2ÏLïÄ�êª'u λk �üN5,r�Ø�ªz{� λk Ñ�

λ1½ λn��/,��r�Iy²'u λ1½ λn�Ø�ª=�;{ 3�~|©,�

I�·��ÚªC/¿(Ü�ÜØ�ªÚþ�Ø�ªÒy²
(Ø.

K 6. é>pØ²1�o>/ ABCDS�u �O.�é�� AC,BD�u

: P ,�� AD,BC�u: E, M ´OP �¥:. ®�4AOB,4COD,4APB,

4CPD�	%��, y²:T��%´4OME �R%.

y² � O1, O2, O3, O4©O´4AOB,4COD,4APB,4CPD�	%, �

�� AB,DC �u: F , � O1, O2, O3, O4¤����%� O∗.

1�Ú, y² AC ⊥ BD.

��O1��O2�u:O,Q,Kd�F½n,O,Q, F n:��.Ï�O1O2 ⊥

OQ, O1O3 ⊥ AB, ¤± ∠O2O1O3 = ∠OFA.

��O3��O4�u: P,R,Kd�F½n, P,R, F n:��.Ï�O3O4 ⊥

PR, O2O4 ⊥ CD, ¤± ∠O2O4O3 = ∠PFD.

Ï� O1, O2, O3, O4 o:��, ¤± ∠O2O1O3 = ∠O2O4O3, l ∠OFA =

∠PFD.

� P 34ADF ¥����Ý:´ P ′, K ∠P ′FA = ∠PFD, ¤± P ′ 3�

� OF þ. q

∠P ′AD = ∠PAB = ∠PDC = ∠P ′DA,

¤± P ′3 AD�R�²©�þ. u´ P ′´�� OF � AD�R�²©���

:, ¤± P ′� OÜ (�� AD� BC Ø²1�y
 OF � ADØR�).

ù�,

∠PDA+ ∠PAD = ∠ODC + ∠PAD = 90◦,
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¤± AC ⊥ BD.d� O3, O4©O´ AB,CD�¥:.

1�Ú, y² O∗E ⊥ OM.

d Brocard½n, OP ⊥ EF , ¤±�Iy² O∗3�� EF þ.

� O1O3�R�²©���� EF �u: O′, O2O4�R�²©�����

EF �u: O′′. �Iy² O′� O′′Ü, ù�Iy² FO′ = FO′′.

¯¢þ, Ï�

FO′ =
O1O3

2 sin∠EFA
, FO′′ =

O2O4

2 sin∠EFD
,

O1O3 =
AB

2 cot∠O1AB
=

1

2
· AB · | cot∠AOB|,

O2O4 =
CD

2 cot∠O2DC
=

1

2
· CD · | cot∠COD|,

q ∠AOB + ∠COD = 180, ¤±

FO′

FO′′
=
AB

CD
· sin∠EFD
sin∠EFA

.

d�u½n94ECD ∼ 4EAB,

sin∠EFD
sin∠EFA

=
EC · sin∠ECF

EF

EA · sin∠EAF
EF

=
EC

EA
=
CD

AB
,

¤±
FO′

FO′′
=
AB

CD
· CD
AB

= 1.

1nÚ, y² O∗M ⊥ OE.

Ù�OO3PO4´²1o>/,¤±M´O3O4�¥:. ù�, O∗M ⊥ O3O4,

¤±�Iy² O3O4 �OE.

¯¢þ, � �O3� �O4�u: P ;R, KÙ� R3 OEþ, � OR ⊥ PR. Ï

� O3O4 ⊥ PR, ¤± O3O4 �OR.

nþ, O∗´4OME �R%. �
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