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K 1. ®�¼ê f : N→ R÷v f(1) > 0�é?¿g,ê nþk:∑
d|n

f(d)f(
n

d
) = 1,

¦ f(20182019).

) Äké¤k�ê pÚ�K�ê α,¦f(pα).

dK��,� n = 1�, f(1)2 = 1.(Ü f(1) > 0� f(1) = 1.

éz��ê p,P at = f(pt), t ∈ N,K a0 = 1�é?¿ t ∈ N,k

1 =
∑
d|pt

f(d)f(
pt

d
) =

t∑
u=0

f(pu)f(
pt

pu
) =

t∑
u=0

auat−u.

Ïd�Ä1¼ê

g(x) =
+∞∑
t=0

atx
t,

K

(g(x))2 =

(
+∞∑
t=0

atx
t

)2

=
+∞∑
t=0

(
t∑

u=0

auat−u

)
xt =

+∞∑
t=0

1 · xt = (1− x)−1,

d a0 = 1¿(Ü2Â���ª½n�

?¾FÏ: 2019-05-19.
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g(x) = (1− x)−
1
2 =

+∞∑
t=0

(
−1

2

t

)
(−1)txt

=
+∞∑
t=0


t∏
i=1

(−1
2
− i)

t!

 (−1)txt

=
+∞∑
t=0

(
(2t− 1)!

2tt!

)
·

t∏
i=1

(2i)

t! · 2t
· xt.

�é t ∈ N,kat = 1
22t

(
2t
t

)
. �

f(pt) =
1

22t

(
2t

t

)
. (1)

2é n?18By²:e n�IO©)� n =
l∏

i=1

pαii , K

f(n) =
l∏

i=1

f (pαii ) . (2)

n = 1� (2)¤á.e n ≤ n′ − 1 (n′ ∈ N∗, n′ ≥ 2)�¤á,K n = n′ �,d

8Bb� (d? n =
l∏

i=1

pαii � n�IO©))9 f(1) = 1,

1 =
∑
d|n

f(d)f(
n

d
) =

l∏
i=1

∑
d|pαi

f(d)f(
n

d
)

 =
l∏

i=1

(
αi∑
ti=0

f(ptii )f(p
αi−ti
i )

)

=
∑

0≤t1≤α1,0≤t2≤α2,··· ,0≤tl≤αl

(
l∏

i=1

f(ptii )
l∏

i=1

f(pαi−tii )

)

=
∑

0≤t1≤α1,0≤t2≤α2,··· ,0≤tl≤αl,
(t1,t2,··· ,tl)6=(0,0,··· ,0)

(t1,t2,··· ,tl) 6=(α1,α2,··· ,αl)

f

(
l∏

i=1

ptii

)
f

(
l∏

i=1

pαi−tii

)
+ 2

l∏
i=1

f(pαii )
l∏

i=1

f(1)

=

 ∑
d|n,d 6=1,d 6=n

f(d)f(
n

d
)

+ 2

(
l∏

i=1

f(pαii )

)
f(1).

�k

2f(n)f(1) = 2
l∏

i=1

f(pαii )f(1).

Ïd

f(n) =
l∏

i=1

f(pαii ),

n = n′� (2)¤á.� (2)y.!
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�d (1), (2)�:

f(20182019) = f(22019 · 10092019) = f(22019)f(10092019) =
1

28076

(
4038

2019

)2

.

�

f(20182019) =
1

28076

(
4038

2019

)2

. �

µÛ k�A� n��?1}Á½l4íª��?1*	,�±ß�½ö

wÑ f(n)3 N∗þ�È5,l�Ié�ê p½Ú�K�ê α5¦ f(pα).P

at = f(pt)Kk
m∑
t=0

atam−t = 1,é m ∈ N¤á,ù4·���1¼ê.XJ��

�Ø�1¼ê,��±k�A� at2�ßÏ�,��z��yé n ∈ N,k
n∑
t=0

(
2t

t

)(
2(n− t)
n− t

)
= 4n.

ù�|Üð�ªAT´ÙG�,y²�{¥��ÊH�´^1¼ê,Öök,�

��±}ÁÏé§�Ø^1¼ê�y².

K 2. ê� {an}∞n=0÷v a0 = 3, a1 = 4,�k

an+2 = an+1an +

⌈√
a2n+1 − 1

√
a2n − 1

⌉
é n ≥ 0¤á,¦

∞∑
n=0

(
an+3

an+2

− an+2

an
+
an+1

an+3

− an
an+1

)
.

) P a−1 = 1,e¡é n?18By²: n ≥ 1�,

an+1 = 2anan−1 − an−2. (1)

n = 1�,dK�

a2 = a0a1 +

⌈√
a20 − 1

√
a21 − 1

⌉
= 3× 4 +

⌈√
120
⌉
= 23 = 2a1a0 − a−1.

K (1)¤á.

e n ≤ n′ − 1 (n′ ∈ N∗, n′ ≥ 2)� (1)¤á,Kd8Bb��

a−1 ≤ a0 ≤ a1 ≤ a2 ≤ · · · ≤ an′ .

K

2anan−1an−2 + 2− a2n − a2n−1 − a2n−2 =
(
2a−1a0a1 + 2− a2−1 − a20 − a21

)
+

n∑
i=2

(
(2aiai−1ai−2 + 2− a2i − a2i−1 − a2i−2)− (2ai−1ai−2ai−3 + 2− a2i−1 − a2i−2 − a2i−3)

)
=2 · 1 · 3 · 4 + 2− 12 − 32 − 42 +

n∑
i=2

(ai − ai−3)(2ai−1ai−2 − ai − ai−3)

3 êÆ#(�



=0 +
n∑
i=2

(ai − ai−3) · 0 = 0.

Ïd −a2n − a2n−1 = −2anan−1an−2 − 2 + a2n−2. �

(a2n − 1)(a2n−1 − 1) =a2na
2
n−1 − a2n − a2n−1 + 1

=a2na
2
n−1 − 2anan−1an−2 − 2 + a2n−2 + 1

=(anan−1 − an−2)2 − 1.

´y anan−1 − an−2 > 1.¤±

an+1 =anan−1 +

⌈√
a2n − 1

√
a2n−1 − 1

⌉
=anan−1 + (anan−1 − an−2)

=2anan−1 − an−2.

(1)3 n = n′�¤á.Ïd (1)y.!

Ïdd (1)��
∞∑
n=0

(
an+3

an+2

− an+2

an
+
an+1

an+3

− an
an+1

)
=
∞∑
n=0

(
2an+1an+2 − an

an+2

− 2an+1an − an− 1

an
+
nn+1

an+3

− an
an+1

)
=
∞∑
n=0

(
− an
an+2

+ 2an+1 +
an−1
an
− 2an+1 +

an+1

an+3

− an
an+1

)
=
∞∑
n=0

(
− an
an+2

+
an−1
an

+
an+1

an+3

− an
an+1

)
def
= S.

d (1)´� n ≥ 2� an ≥ an−1an−2 ≥ 3an−1,� n ≥ 3�,

an−1
an
≤ 1

an−2
=

1

a0
·
n−2∏
i=1

ai−1
ai
≤ 1

a0
· 3
4
·
(
1

3

)n−3
=

(
1

3

)n−2
· 3
4
.

Ïd
∞∑
n=0

(
− an
an+2

)
+
∞∑
n=0

an−1
an

+
∞∑
n=0

an+1

an+3

+
∞∑
n=0

(
− an
an+1

)
ýéÂñ.�

S =
∞∑
n=0

(
− an
an+2

+
an−1
an

)
+
∞∑
n=1

(
an
an+2

− an−1
an

)
= −a0

a2
+
a−1
a0

=
14

69
.

�¤¦Ú� 14
69
. �

µÛ k���e {an}�cA�¿�ßÿ4íªÒ¬uy (a2n − 1)(a2n+1 −

1) + 1´��²�êÚ (1),��^��a�ÒUò��ßÿyÑ.��O� S
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K 3. é����ê N,·�ò N ��Ïf (�) 1Ú N)^o«ôÚ/Ú.

�«/Ú�ª¡�“Ð�”,e� a, bÚ (a, b)´ N �ØÓ�Ïf�,§��ôÚ

üüØÓ.¯:éu��Ø´�ê���ê,ÙÐ�/Ú�ª�õkõ�«?

) e N kn�½n�±þØÓ�Ïf,P� p, q, r.

eyé N vkÐ�/Ú�ª.ek,Kd½Â, p, q, r, 1ôÚpØ�Ó.��

Ä pq, r,Ú 1 = gcd(pq, r)�ôÚ� pq,Ú1, rþØÓÚ.2�Ä n��Ïf

pq, rq, q = gcd(pq, rq)

Ú

pq, rq, p = gcd(pq, rp)

� pqÚ p, qþØÓÚ.� p, q, r, 1pØÓÚ,����ko«ôÚ,�gñ!

�é N vkÐ�/Ú�ª.

e�N kü�ØÓ��Ïf p, q.PN = pαqβ (α, β ∈ N∗),¿Ø�� α ≥ β.

é α1 < α2 (α1, α2 ∈ N, 0 ≤ α1 < α2 ≤ α),�Ä N ��Ïf

pα2 , qpα1 , pα1 = gcd(pα2 , qpα1)

� pα1 , pα2 , qpα1 üüØÓÚ. (1)

Ïd¤k pi (0 ≤ i ≤ α) pØÓÚ, �§�� q �ôÚ�pØ�Ó, �

α + 2 ≤ 4,� α ≤ 2.

e β ≥ 2, K α ≥ β ≥ 2. �Ä N �Ê�Ïf p2, p, pq, q, q2, KÙ¥

?ü�ØÓÚ (Ï��Ä p2, pq, p = gcd(p2, pq) Ú q2, pq, q = gcd(q2, pq) �

p2, p, pq; pq, q, q2,ØÓÚ, p, p2 ¥?��Ú q, q2 ¥?�����ú�êÑ´

1,ÏdØÓÚ.� p2, p, pq, q, q2,pØÓÚ).��ko«ôÚ,�é N Ø�3Ð

�/Ú�ª.�e�� β = 1.

d�d (1)´yé N ��NÐ�/Ú�ª�:¦ 1, p, p2, · · · , pαôÚpØ�

Ó,�¦éz� i (0 ≤ i ≤ α − 1)Ñk piqÚ pi, pi+1, · · · , pα ôÚØÓ�/Ú�

ª.

� N = pq�,é N �k 4× 3× 2× 4 = 96«Ð�/Ú�ª;

N = p2q�,�k 4× 3× 2× 1× 2× 4 = 192«Ð�/Ú�ª.ùpOê�
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k�Ä 1, p, p2, · · · , pα�ôÚ,2�Ä q, pq, · · · , pαq�ôÚ.

Ïd�Y� 192. �

µÛ �K�±kßÑ� N ��Ïf½ö�Ïf�gé���ÿ,vkÐ

�/Ú�ª.3?Ø�L§¥KI��ÿ�
.éu@
 �u¦^AÛ�*

g�¯K�<ó,�±ÏLò N �¤kÏêü¤��á�N5ò¯Kw��

�ß (d?´y N kØ�L 3�ØÓ�Ïf,¤±á�N�Ø�Ln�).�K

XJòo«ôÚ�U�Ê«½�õ�{,g��JÝÚ?Ø�E,§Ýò¬�

�O\.

K 4. ���3o��m¥1r. §l�:Ñu, z�©¨, §l �

(a1, a2, a3, a4)r�,� � (x1, x2, x3, x4)þ´�ê, �

(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 + (x4 − a4)2 = 4,

|(x1 + x2 + x3 + x4)− (a1 + a2 + a3 + a4)| = 2.

eù��3 40©¨��� (10, 10, 10, 10). ¯: �kõ�«ØÓ�´»?

) 8B´yT�zÚ£Ä�� ��o��IÑ´�ê. Ïd´y§z

�Ú£ÄL��þ� (2, 0, 0, 0), (1, 1, 1,−1)9ÙK�þÚ (3o��Ý��I

þ�)��.

�ÄXe�IC�: (x1, x2, x3, x4)→(
1

2
(x1 + x2 + x3 + x4),

1

2
(x1 + x2 − x3 − x4),

1

2
(x1 − x2 + x3 − x4),

1

2
(x1 − x2 − x3 + x4)

)
.

K§´ R4 → R4���N�.

TC�òT�z�Ú¤rL��þC� (±1,±1,±1,±1) (o��KÒ?

�),�òå: (0, 0, 0, 0)C� (0, 0, 0, 0),ª: (10, 10, 10, 10)C� (20, 0, 0, 0).

3?1ù��IC��, T�¤3 ��1�, �, n, o��I3 40ÚS

AT©OO\ 30, 20, 20, 20g~� 10, 20, 20, 20g, ¿�3TcJe�¿l

{−1, 1}¥ÀJo��I¥z���Czþ.ÏdT��k
(
40
10

)(
40
20

)3
«r{. �

µÛ Ï��K´3o�þ?Ø�, ¤±���AÛaúØU^u?nù

�K. ·��Ußÿù��£Ä��ªk��éÐ�z{�{.d�5¿�ù�

�zÚk 16«r{, ¤±�±ßÿù
r{´Ä²LC��U
�����á

�N� 16�º:,Ø�*	Ñ�kK8¥�Ñ� 16����þ�à:��

�¤���á�N (léÑþ¡�Y¥���C�), ÄKéJéÑ¤���
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�IC�.Ïd�K¢SJÝé�.

III!!! ���<<<mmm: AAAÛÛÛ

K 5. ²¡þ, 8�ü �� C1, C2, C3, C4, C5, C6 üüØ��, � Ci �

Ci+1 �� (1 ≤ i ≤ 6), Ù¥ C7 = C1. - C L«�¹ù8���¡È����

�,� r� C �U����», R´ C �U����». ¦ R− r.

O'

O5

O2

O6

O1 O4

O3

) ky r = 3.

e�3���»�u 3��� C �¹ C1, C2, C3, C4, C5, C6,KP C ��

%� O ¿P Ci ��%� Oi (1 ≤ i ≤ 6). ± O �¥%, �n^��, ò²

¡©�8�«�, Ù¥?ü^���Y�� π
3
(8�«�þ¹Ù>.). d�

O1, O2, O3, O4, O5, O6¥7kü�3Ó�«�¥,P� Oj1 , Oj2 , K

|Oj1Oj2| ≥ 2, |OOj1| < 2, |OOj2 | < 2,

�

∠Oj1OOj2 ≤
π

3
.

d�>é��� ∠Oj1OOj2 ´ 4OOj1Oj2 �����S�, � ∠Oj1OOj2 >
π
3
,

� ∠Oj1OOj2 <
π
3
gñ!� r ≥ 3.

� O1, O2, O3, O4, O5, O6 ©O´��>�� 2��8>/^g�8�º

:�, � O�T8>/¥%,  C ��»� 3, K C �¹ C1, C2, C3, C4, C5, C6.

Ïd r ≤ 3, � r = 3.

2y R = 2 +
√
3. EP Ci��%� Oi (1 ≤ i ≤ 6)� C ��%� O.

� O1, O2, O4, O5 ©O�>�� 2���/�^g�o�º:,  O3, O6

3 O1O2O4O5 	�¦� 4O2O3O4 Ú 4O5O6O1 Ñ´>�� 2��n�/, K

|O3O6| = 2 + 2
√
3. l�±�Ñ C3, C6þ���: A,B, ¦�

|AB| = 4 + 2
√
3.

7 êÆ#(�



Ïd C S (½>.þ)ü�: A,B¦� |AB| = 4 + 2
√
3. �

2R ≥ |AB| = 4 + 2
√
3,

= R ≥ 2 +
√
3.

ey R ≤ 2 +
√
3.�d�Iéz« C1, C2, C3, C4, C5, C6�U� �é��

�»� (2 +
√
3)��� C ′ �¹ C1, C2, C3, C4, C5, C6.��� C ′ ± C1C4 ¥:

O′��%, (2 +
√
3)��».K�Iy²

|O′Oi| ≤ 1 +
√
3 (i = 1, 2, · · · , 6).

e�Iy

|O1O
′| ≤ 1 +

√
3, |O2O

′| ≤ 1 +
√
3.

Ù{aq�y.

� O1O3¥:D. d |O1O2| = |O2O3| = 29 |O1O3| ≥ 2� O2D ⊥ O1O3, �

|O2D| =
√
O1O2

2 −O1D2 ≤
√
22 − 12 =

√
3.

q�� O′D´4O1O3O4²1u O3O4�¥ �,l

|O′D| = 1

2
|O3O4| = 1.

�

|O′O2| ≤ |O′D|+ |DO2| ≤ 1 +
√
3.

q� O2O5¥: O′′, O2O6¥: E, O3O5�¥: F, KÓn

|O1E| ≤
√
3, |O4F | ≤

√
3, |O′′E| = |O′′F | = 1.

Ïd

|O1O
′| = 1

2
|O1O4| ≤

1

2
(|O1E|+ |EO′′|+ |O′′F |+ |FO4|) ≤ 1 +

√
3.

aq�y |O′Oi| ≤ 1 +
√
3 (i = 1, 2, · · · , 6). Ïd®�Ñ R ≤ 2 +

√
3.�

R = 2 +
√
3.

�

R− r = (2 +
√
3)− 3 =

√
3− 1. �

µÛ �K�J�Ü©��3uß�Y.ò R� r��ßÑ� r = 3´N´

yÑ�,Ø^�����±^{u½n½AÛ�*�Ñ ∠Oj1OOj2 k'�gñ.

 2 +
√
3K�J�
. 3�& R = 2 +

√
3¿�&��� O1O4¥:� C ��

%Ò�±�,´ÏLc[©ÛK8^� (äN´3(½ |O1O3|�4 |O2O
′|��)

www.nsmath.cn 8



�U�Ñ�Y¥¤ã�n�Ø�ª, ��±ÏLÝK (Ø´|©/�n�Ø

�ª)�Ñ |O1O4| ≤ 2 + 2
√
3.�´3vké O� �Ú R���kj½�&

g��¹eéJ����Ñù�n�Ø�ª. Ïd�K�ékJÝ.

IV!!! ìììNNNmmm

K 6. ®� 0 < θ < π
2
.y²:

0 < sin θ + cos θ + tan θ + cot θ − sec θ − csc θ < 1.

y²� P f(θ) = sin θ + cos θ + tan θ + cot θ − sec θ − csc θ (0 < θ < π
2
).K

f ′(θ) = cos θ − sin θ +
1

cos2 θ
− 1

sin2 θ
− sin θ

cos2 θ
+

cos θ

sin2 θ

= (cos θ − sin θ)

(
1− cos θ + sin θ

cos2 θ sin2 θ
+

cos2 θ + cos θ sin θ + sin2 θ

sin2 θ cos2 θ

)
= (cos θ − sin θ)

(
−(cos θ + sin θ) +

(
1
2
+ 1

2
(cos θ + sin θ)2

)
sin2 θ cos2 θ

+ 1

)

= (cos θ − sin θ)

(
(cos θ + sin θ − 1)2

2 sin2 θ cos2 θ
+ 1

)
,

� f ′(θ)� (cos θ − sin θ)ÎÒ�Ó.Ïd

f ′(θ) =


> 0, (0 < θ < π

4
)

= 0, (θ = π
4
)

< 0, (π
4
< θ < π

2
)

�é θ ∈ (0, π
2
),k

f(θ) ≤ f
(π
4

)
=

√
2

2
+

√
2

2
+ 1 + 1−

√
2−
√
2 = 2−

√
2 < 1.

y.! �

y²� P X1(cos θ, 0), Y1(0, sin θ), O(0, 0), X2(sec θ, 0), Y2(0, csc θ),K

|X1Y1| = 1, |X1X2| = sec θ − cos θ, |Y1Y2| = csc θ − sin θ.

�

|X2Y2| =
√
sec2 θ + csc2 θ =

1

sin θ cos θ
= tan θ + cot θ.

Ïd

sin θ + cos θ + tan θ + cot θ − sec θ − csc θ

=− |Y1Y2| − |X1X2|+ |X2Y2| ≤ |X1Y1| = 1.

Ï� X1, Y1, X2, Y2Ø��,¤±þª�ÒØ¤á.y.! �

9 êÆ#(�



µÛ y²�´~5��{.y²�K´3IO�Y (P Z(cos θ, sin θ),

¿� Z 3 x¶, y¶þ�ÝK X1, Y1,2L Z1�ü ����� x¶, y¶©O

u X2, Y2,¿Uy{�¦^n�Ø�ª)�Ä:þ�n��.

K 7. Ø�>n�/ ABC ÷v ∠A = 60◦.: O,H, I ©O´ 4ABC �	

%,R%, S%.:D´�� BC� ∠A�S�²©���:,:X 34IHO�

	��þ, T ´�� BC � ∠A�Ö��²©���:,�÷vHX �AI.y²:

OD ⊥ TX.

T

X

H

E

I

DB

O

A

C

y² e�`²4ABC �b�n�/��¹.Ù{�¹aq�y.

dK´y

∠BHC = π − ∠BAC =
2π

3
,

∠BIC =
π

2
+

1

2
∠BAC =

2π

3
,

∠BOC = 2∠BAC =
2π

3
,

� B,H, I, O,C ��.

dÙ��(Ø� IB ²© ∠OBH,� HI = IO. q´� AI � �(ABC)�

,��:� �(BIC) ��%. (Ü HI = IO 9R»½n� AI ⊥ OH. �d

AI �HX � HX ⊥ OH. � OX ´ �(BHIOC)��».�d BO = OC �

OX ⊥ BC.

P OX � BCu E,K E� BC�¥:,d AB,AC,AD,AT �¤NÚ�å

� B,C,D, T �¤NÚ:�.ÏddNÚ:��5��

ED · ET = EB2 = EB · EC = EO · EX.

� ED
EO

= EX
ET
. (Ü ∠OED = ∠TEX = π

2
�

4DEO ∼ 4XET.
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�

∠DOX + ∠OXT = ∠DOE + ∠EXT = ∠DOE + ∠EDO =
π

2
.

� OD ⊥ TX.y.! �

µÛ Ù� (� ∠BAC = π
3
), B,H, I, O,C ��,� AI ⊥ OH,�xã�ß

� X,O´ �(BOC)��éé»:, ÏdK¥(Ø OD ⊥ TX �±=z��é

N´?n�é� (X�� BC,: D,T 3 BC � �'X)��C�·K“D´

4OTX”�R%,d�§qU=z� EO · EX = ED · ET.= EB2 = ED · ET,

ù´ B,C,D, T �¤NÚ:��íØ.

K 8. - N∗ = {1, 2, 3, · · · }L«��ê8, f ´ N∗� N∗�V�,´Ä�3

��ê n,¦� (f(1), f(2), · · · , f(n))´ (1, 2, 3, · · · , n)���ü�?

) Ø�½�3.

� T =
{
22

i |i ∈ N∗
}
, U = N∗ \ T.é i ∈ N∗,P ai� U ¥1 i��ê.� f

Xe:

f (ai) = 22
i

, f
(
22

i
)
= ai, i ∈ N∗.

Kd T =
{
22

i|i ∈ N∗
}
, U = {ai|i ∈ N∗}´ N∗ ���y©� f ´ N∗ → N∗ �

��V�,�

{f(u) | u ∈ U} = T, {f(t) | t ∈ T} = U.

�e�3 n ∈ N∗ ¦ (f(1), f(2), · · · , f(n))´ (1, 2, 3, · · · , n)���ü�,KP

[n] = {1, 2, 3, · · · , n},K

{f(u)|u ∈ U ∩ [n]} = T ∩ [n], {f(t)|t ∈ T ∩ [n]} = U ∩ [n].

Ïd |T ∩ [n]| = |U ∩ [n]| . ¤±

|T ∩ [n]| = n

2
.

�

22
n
2 = max

t∈T∩[n]
{t} ≤ n.

ùØ�U.�Ø�½�3ù�� n. �

µÛ þã�{AT5`®²¤��«@´
.é?nù«wq����

��,|^Ã�8�±¿©�	ò�ù�A:,�EN�  k Û��J.Ï

~�?n�ª´éz� n,3¿©�?é��ê m,¦� f(n) = m,2l�“�

11 êÆ#(�



�”�/�é��ê m2,¦� f(m2) = n.Ï�éÃ¡8Ü,3z�“��”�	

�k���/�,¤±Ø¬�)gñ.aq�Kk8c¥I TST��ã1�U

�1 3KÚ“ éÑ��8Ü A ⊂ Z¦z� m ∈ ZÑk���é am, bm ∈ A¦

m = 2am + 3bm”.,	,(��Y¥�Ñ�N� f ´:

f(n) =


2n, n = 1, 2

n+ 3, n ≥ 3, 2 - n

n− 3, n ≤ 4, 2 | n

K 9. ��²¡þ�àõ>/��°�,XJ§3?¿��þ�ÝK��Ý

þØ�u 1.y²:?�°�àõ>/Ñ�¹���»� 1
3
��.

y²� éz�°�õ>/ A.�ÄTõ>/S¹��¥�����,P�

ω (N´y²¤k AS¹����»�¤�8Ü´48,Ïd§k���). ω7

� T �n^>��.

P T �¤k� ω���>� ω��:�8Ü� B.e B¥?n:�¤ð�

n�/,K?� B¥�: b¿� ω�L b��»,é B3T�»üý�:¥� b

�ål���: (� 2�)?Ø��7k�^�» l¦ bÚùü�:3 l�Óý

(�Ø3 lþ).d��� B¥¤k:Ñ3 l�Tý (�Ø3 lþ).

Ïdò ω��%� l�,�ý��£Ä (£Ä��� lR�)K�ò ω��

»��O\,�y ωS¹u A,� ω�»��5gñ!

� B¥kn: a, b, c�¤�ð�n�/.

P T � ω �u a, b, c�>©O� la, lb, lc,Ke a, b, c¥kü�:´ ω �é

»:,KP� x, y,K A�¹u lx, ly ¤3���m��G«�¥ (d? lx � ly).

Ïd A3R�u lx���þÝK��Ý� ω��»�ü�,� ω��»Ø

�u 1
2
.e a, b, cvkü�:´ ω�é»:,K la, lb, lc �¤n�/ C,� ω´ C

�S��,� T S¹u C.P ω��»� r, C �n>�©O� a, b, c,¡È�

S,K T 3R�u C n>���þ�ÝK��Ý©OØ�u 2S
a
, 2S
b
, 2S
c
. �

2S

a
≥ 1,

2S

b
≥ 1,

2S

c
≥ 1.

5¿� 2S = r(a+ b+ c), Ïd

r =
1

1
r

(
a

a+b+c
+ b

a+b+c
+ c

a+b+c

)
=

1
a
2S

+ b
2S

+ c
2S

≥ 1
1
1
+ 1

1
+ 1

1

=
1

3
.

Ïd ω��»Ø�u 1
3
,y.! �
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y²� éz�°�õ>/ A,� A�% GA.ey± GA ��%�, 1
3
�

�»���¹u A.

eÄ,K�3 A�>.þ�: P ¦� |GAP | ≤ 1
3
.L P ��� l1,¦ A3 l1

�,ý.2L GA � l2 � l1 � Auü: B,C.2�,�^²1u l1 �� A�>

.�>��� l3,¦ A3 l3�,ý (Ù¥ l3 6= l1).

P l3 � A �>.���ú�:� D, DB � DC ©O� l u E,F, K

4DEF ' Aõ
 l1, l2m�A¬«�,�' A�
 l2, l3m�A¬«�.

Ïd4DEF �% G' GA � l1 �ål�á,� GA � l1 �ål�u
1
3
,

 D� l1 (= EF )�ål� G� l1�ål�n�.

Ïd l3� l1 (=D� l1)�ål�u 1.� A3R�u l1���þ�ÝK�

Ý�u 1,� A´°�gñ!

�± GA��%�, 1
3
��»���¹u A.y.! �

µÛ ùü�y²Ñ�ngIO�Y.§���´�y²k�: P � C �

¤k>ålØ�u 1
3
.,��´��\r
�
,�yk�:3z^Y4õ>/

�“�f”¥m 1
3
�/�. (Ù¥“ �f”�ü^���m��G«�).ùü�¯

�Ñ�±^°4½n?1y²,k,��Öö�±gC?1}Á,IO�Y'

^°4½n�Qã{ü.

�KøK<´ 2015c CMO1�¶, 2016c IMO7ýÜ�Ð.

K 10. y²:é?¿��ê n,õ�ª P (x) = (2n)x2n + (2n − 1)x2n−1 +

· · ·+ (n+ 1)xn+1 + nxn + (n+ 1)xn−1 + · · ·+ (2n− 1)x+ (2n) �¤kE���

�� 1.

y² ´y 0Ú 1ÑØ´ P (x)��,�

P (x) =(2n+ 1)

(
2n∑
i=0

xi

)
−

(
n∑
i=0

(i+ 1)xi +
2n∑

i=n+1

(2n+ 1− i)xi
)

=(2n+ 1)
x2n+1 − 1

x− 1
−

(
n∑
i=0

xi

)2

=(2n+ 1)
x2n+1 − 1

x− 1
−
(
xn+1 − 1

x− 1

)2

.

Ïd

P (x) = 0⇔ (2n+ 1)

(
x2n+1 − 1

x− 1

)
⇔ (2n+ 1)

(
x2n+1 − 1

)
(x− 1) = (xn+1 − 1)2.

13 êÆ#(�



ey P (x)k (2n)��3ü �þ (ù� P (x)��Ñ3ü �þ). K�I

3ü �þéÑ (2n)�Ø� 1�÷v

(2n+ 1)(x2n+1 − 1)(x− 1) = (xn+1 − 1)2

�÷v (2n)�Eê.

5¿� x3ü �þ� x 6= 1�:P x = cos θ + i sin θ,K

x− 1 = 2 sin
θ

2

(
− sin

θ

2
+ i cos

θ

2

)
,

xn+1 − 1 = 2 sin
(n+ 1)θ

2

(
− sin

(n+ 1)θ

2
+ i cos

(n+ 1)θ

2

)
,

x2n+1 − 1 = 2 sin
(2n+ 1)θ

2

(
− sin

(2n+ 1)θ

2
+ i cos

(2n+ 1)θ

2

)
.

Ïd

(x− 1)(x2n+1 − 1) =2 sin
θ

2
· ei(

θ
2
+π

2 ) · 2 sin (2n+ i)θ

2
ei(

(2n+i)θ
2

+π
2 )

=4 sin
θ

2
2 sin

(2n+ i)θ

2
ei((n+1)θ+π),

(xn+1 − 1)2 =

(
2 sin

(n+ 1)θ

2
ei(

(n+1)θ
2

+π
2 )
)2

=4 sin2 (n+ 1)θ

2
ei((n+1)θ+π).

�

(2n+ 1)(x− 1)(x2n+1 − 1) = (xn+1 − 1)2

⇔ (2n+ 1) sin
θ

2
sin

(2n+ 1)θ

2
= sin2 (n+ 1)θ

2

⇔ (2n+ 1)

(
1

2
(cos(nθ)− cos(n+ 1)θ)

)
=

1

2
(1− cos(n+ 1)θ)

⇔ 2n cos(n+ 1)θ + 1− (2n+ 1) cosnθ = 0.

P

f(θ) = 2n cos(n+ 1)θ + 1− (2n+ 1) cosnθ, θ ∈ [0, 2π].

K�Iy² f(θ) = 03 (0, 2π)¥kØ�u (2n)�� θ.5¿� f(θ)´ [0, 2π]þ

�ëY¼ê,éÛê i (1 ≤ i ≤ 2n− 1),k

f

(
iπ

n

)
= 2n cos

i(n+ 1)π

n
+ 1 + (2n+ 1) > 0;

éóê i (2 ≤ i ≤ 2n− 2),k

f

(
iπ

n

)
= 2n cos

i(n+ 1)π

n
+ 1− (2n+ 1) < 0.
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(e f
(
iπ
n

)
= 0,K cos i(n+1)π

n
= 1.� 2n | i(n+ 1).� n|i.(Ü 2 ≤ i ≤ 2n− 2�

i = n.� 2 | n+ 1,ù� 2 | igñ!)�

cos
π

2(n+ 1)
= 1− (2n+ 1) cos

nπ

2(n+ 1)
= 1− (2n+ 1) sin

π

2(n+ 1)
< 0.

ù´Ï�P

g(x) =
2

π
x− sinx, (0 ≤ x ≤ π

2
),

K g′(x) = 2
π
− cosx, �

g′(x)


> 0, arccos 2

π
< x ≤ π

2

= 0, x = arccos 2
π

< 0, 0 ≤ x < arccos 2
π
.

(Ü g
(
2
π

)
= g(0) = 0 �

g(x) ≤ 0 (0 ≤ x ≤ π

2
).

�d g
(

π
2(n+1)

)
≤ 0 �

sin
π

2(n+ 1)
≥ 1

n+ 1
>

1

2n+ 1
.

�

1− (2n+ 1) sin
π

2n+ 1
< 0,

9

f

(
(4n+ 1)π

2(n+ 1)

)
= f

(
π

2(n+ 1)

)
< 0.

(Ü
π

2n+ 1
<
π

n
<

2π

n
< · · · < (2n− 1)π

n
<

(4n+ 1)π

2(n+ 1)

ÚëY¼ê�0��n� f(θ) = 03
(

π
2n+1

, π
n

)
,
(
π
n
, 2π
n

)
, · · · ,

(
(2n−1)π

n
, (4n+1)π

2(n+1)

)
¥�z�«m¥Ñk�.

Ïd f(θ) = 0kØ�u (2n)�3 (0, 2π)þ�� θ.

��Ky.! �

µÛ 3é P ?1�êC/�ØN´��yÑ�K(Ø,d�I�k(¹

�g� (=“MÉ�m”),����éÑ P � (2n)��,ù´|^ü ��AÛ

5�ò¯K=z�éÑ�� R→ R�¼ê

f(θ) = 2n cos(n+ 1)θ + 1− (2n+ 1) cosnθ

��
":,�Äã��d�¦^0��n¬���B.(��Y´ky²
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Q(x) =
P (x)

xn
=

2n

xn
· x

2n+1 − 1

x− 1
− x

xn

(
xn − 1

x− 1

)2

3ü �þ��¢ê,2y²Q(x)3 (2n)� (2n)gü �þ���K�O,|

©/;m
é f(θ)3 θ = 0NC���?Ø,¿Qã��{'.

V!!! NNN\\\mmm

K 11. 
Çò {(x, y)|1 ≤ x, y ≤ 5}¥�Ê�:/¤7Ú. ¦�U/Ú�ª

�ê8, ¦�?ü�7Ú:m�ålØ´�ê.

) 5¿�ù��/Ú{¥?ü�ØÓ7:ØU2Ó�1½XÓ��¥. Ï

de¡�Ä¤k¦z1z��k��7:�/Ú�{. P¤kù��/Ú�{

�¤�8Ü� A. K |A| = 120. P T = {(1, 1), (1, 5), (5, 1), (5, 5)}. é t ∈ T , T

kü�Ù§ {(x, y)|1 ≤ x, y ≤ 5}¥��:�§�ål� 5, P� t1, t2.

é t ∈ T, i ∈ {1, 2}, P At,i = {a|a ∈ A,3 a¥ tÚ tiÑ´7Ú�}. N´y

²�NÎÜ�K^��/{�¤�8Ü�

B := A \

 ⋃
t∈T,i∈{1,2}

At,i

 , i ∈ {1, 2}.

�é t ∈ T, k |At,i| = 3! = 6, |At,1 ∩ At,2| = 2! = 2.

é t1, t2 ∈ T, i1, i2 ∈ {1, 2}. e t1 6= t2, K At1,i1 ∩ At2,i2 = ∅.

�dN½�n, P S = {At,i|t ∈ T, i ∈ 1, 2}, K

|B| = |A|+
∑

c⊆S,C 6=∅

(−1)|C|| ∩A′∈c A′|

= |A|+ (−1) ·
∑

t∈T,i∈{1,2}

|At,i|+ 1 ·
∑
t∈T

|At,1 ∩ At,2|

= 120− 8 · 6 + 4 · 2 = 80.

�¤¦�Y� 80. �

µÛ �KI�5¿�Ì�k:?Ø�Ø�¦�¹ÚO��Ø���.

K 12. ¦�����ê n, ¦�

22
··
·2︸︷︷︸

n�2

> ((· · · ((100!)!)! · · · )!)!︸ ︷︷ ︸
100��¦

.

) ¤¦�����ê n� 104.
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é n ∈ N, P an = 22
··
·2︸︷︷︸

n�2

, bn = ((· · · ((100!)!)! · · · )!)!︸ ︷︷ ︸
n��¦

, K a0 = 1, b0 = 100, �

é n ∈ N,k

an+1 = 2an , bn+1 = bn!.

K´y n ≥ 2�,

an ≥ 4, an = 2an−1 ≥ a2n−1, bn ≥ 100.

e¡é n8By²

an+3 < bn <
an+4

an+3

.

n = 0�¤á.

e n ≤ n′¤á (n′ ∈ N),K n = n′ + 1�,d8Bb�,

an+3 = 2an+2 =

an+2∏
i=1

2 ≤
an+2∏
i=1

i <

bn−1∏
i=1

i = bn−1! = bn.

bn = bn−1! <

(
an+3

an+2

)
! <

(
an+3

an+2

)an+3
an+2

=
(
2an+2−an+1

)an+3
an+2 = 2

an+3−
an+1an+3
an+2

<2
an+3−

a2n+2
an+2 =

an+4

an+3

.

� n = n′ + 1��¤á. ÏddêÆ8B{�é n ∈ Nþk

an+3 < bn <
an+4

an+3

< an+4.

Ïd¤¦�����ê n� 104.Ï�

a103 = 22
··
·2︸︷︷︸

103�2

< ((· · · ((100!)!)! · · · )!)!︸ ︷︷ ︸
100��¦

= b100 < 22
··
·2︸︷︷︸

104�2

. �

µÛ �±ßÿ an+3 < bn < an+4 (n ∈ N),���±aúÑ^8B{l

ny� n + 1�, ò bn+1 �e.�¤ 2bn ,þ.�¤ bbnn . ù�Ò�±�Ä\r

bn �þ., Ïd��ÏL��\rÒUÏL^ bbnn ù�8BÚ½òé bn+1 �

þ.\réõ, ÒU^|��¤8B�Ú½. (��Ú½´��8By²

an+3 < bn <
√
an+4.

K 13. Eê a, b, c�¤E²¡þ��>�� 18��>n�/,e |a+b+c| =

36. ¦ |bc+ ca+ ab|.

) P
a+ b+ c

3
= α, ω = −1

2
+

√
3

2
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�ngü �, KdK

|α| = 1

3
|a+ b+ c| = 12.

��Ø���3��� 6
√
3�Eê β ¦�

a = α + βω, b = α + βω2, c = α + β.

Ïd

|bc+ ca+ ab| = |(α + βω2)(α + β) + (α + β)(α + βω) + (α + βω)(α + βω2)|

=|(α2 + αβ(1 + ω2) + β2ω2) + (α2 + αβ(ω + 1) + β2ω) + α2 + αβ(ω2 + ω) + β2|

=|3α2| = 3|α|2 = 3 · 122 = 432. �

µÛ |bc+ ca+ ab|Ù¢Ú�>n�/�>�vk'X. �K�'�3uØ

���.

K 14. éü�p����ê a, b, - ordb(a) L«�����ê k, ¦�

b | ak − 1.- ϕ(a)L«�u½�u a���ê¥� ap���ê.¦�����

ê n,¦� ordn(m) < ϕ(m)
10
é¤k� np����êm¤á.

) é�ê pÚ��ê α,½Â

λ(pα) =


pα−1(p− 1) = ϕ(pα), p 6= 2,

2α−1 = ϕ(2α), p = 2� α ≤ 2,

2α−2 = 1
2
ϕ(2α), p = 2� α ≥ 3.

Kdî.½n9���5���

(1)ém ∈ Z (p - m),kmλ(pα) ≡ 1(modpα);

(2)�3 gp ∈ N∗,¦� ordpα(gp) = λ(pα).

2½Â

λ(n) = lcm (λ(pα1
1 ), λ(pα2

2 ), · · · , λ(pαtt )) ,

Ù¥ n =
t∏
i=1

λ(pαii ) ´ n �IO©), K�Äê gn ∈ N∗ (é 1 ≤ i ≤ t k

gn ≡ gpαii (modpαii )),�� ordn(gn) = λ(n). Ïd´y

max
m∈N∗

gcd(m,n)=1

{ordn(m)} = λ(n),

�=¦�����ê n,¦ λ(n) < ϕ(n)
10
.´y λ(n) | ϕ(n),�

λ(240) = 4 <
64

10
=
ϕ(240)

10
.
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eye λ(n) < ϕ(n)
10
,K n ≥ 240.

(i)�3�ê p 6= 2,¦ p | ϕ(n)
λ(n)

,K7�3 pα1
1 , · · · , pαtt ¥�ü� (P� n1, n2),

¦� ϕ(n1), ϕ(n2)7� p�Ø (d? n =
t∏
i=1

λ(pαii )´ n�IO©)).d� n1, n2

�o� p2�Ø,�o�� p� 1Ó{��ê�Ø,� gcd(n1, n2) = 1, n1n2|n. Ï

d

n ≥ min
(
p2(2p+ 1), (2p+ 1)(4p+ 1)

)
,

Ï�� p� 1Ó{����ü��ê��� (2p+ 1)Ú (4p+ 1).

e p ≥ 5,K´y n7L�u 240,� p = 3.ù¿�X 7, 9, 13, 19, 31, 37¥�

ü�ê� n�Ø.d 7 × 37 > 240�·��±cãS�¥�K�u 31��ê.

3�e��U5¥,d λ(9) = λ(7) = 6, λ(19) = 18, λ(31) = 30 ´y,e n�

9, 7, 13, 19, 31¥ü�ê�¦È,K

ϕ(n)

λ(n)
≤ 6.

qÏ� 2 - n�,

ϕ(2n) = ϕ(n), λ(2n) = λ(n),

¤±d ϕ(n)
λ(n)

> 10� n���Ø�u 3�ê¦± 9, 7, 13, 19, 31¥Ù¥ü�ê.

� n < 240�, n�U� 3× 9× 7 = 189,�N´�y ϕ(189)
λ(189)

= 4 < 10. gñ!

(ii) ϕ(n)
λ(n)
� 2��.

´y n - 24�, λ(n) ≥ 4,  n | 24�, ϕ(n) ≤ 8. Ïd� n | 24�,

ϕ(n)

λ(n)
< 10.

� n - 24, d� λ(n) ≥ 4, � λ(n) = 4 � ϕ(n) ≥ 4 · 24 = 64 � 32 - n (ÄK

λ(n) ≥ λ(32) = 8).ù������ê n� 24 · 3 · 5 = 240.

ØJy² λ(n) ≥ 5��¦

ϕ(n)

λ(n)
≥ 24,

nØ�UØ�u 240 (ÄK λ(n) ≤ 15,dd nØ�?ÛØ�u 17�Ø� 32��

ê½�ê��Ø,� n´ 2,4,8,16,32,3,9,5,7,11,13¥�
ê�¦È,d�N´�

y n ≥ 240).

nþ¤¦�����ê n� 240. �

µÛ þã)�Àg(�)�,é ϕ(n)
λ(n)
���?Ø3T)�¥��{'Ú

|©.e 10U����ê,�ùÒvk@o{'��{
.
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