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K:

¯K � f(x)�õ�ª,XJé�½���ê n,�3 x0 ∈ N¦

f(x0), f
(2)(x0), · · · , f (n)(x0)

�¤� n��X,K¡ f(x)�� n���õ�ª.Á¯:é�½���ê n,=


õ�ª f(x)´� n���õ�ª?

ù´��Nþé��¯K.�©)û
�g��õ�ª��/,��Xe½

n:

½n é�½��ê n ≥ 4, � n �IO©)ª� n = pα1
1 p

α2
2 · · · pαrr , K

f(x) = ax+ b(a, b ∈ N∗)´� n���õ�ª��=� (b, n) = 1,� a ≡ 1 (modp1p2 · · · pr) , e 4 - n

a ≡ 1 (mod2p1p2 · · · pr) , e 4|n
.

y² �K�du:é�½���ê n ≥ 4,¦¤k��êé (a, b),¦�3

m ∈ N,ê� {xk | x1 = m,xl = axl−1 + b, l ≥ 2}�c n��¤� n��X.

� a = 1�,¯K�du�3m ∈ {1, 2, · · · , n},¦m+b,m+2b, · · · ,m+nb

�¤� n��X,ùq�du (b, n) = 1,¤±(Ø¤á.

� a ≥ 2�,´�e��êé (a, b)÷vþã^�,K7k (a, n) = 1 (ÄK ,

(a, n) = d > 1,K {xk}¥Ø1��	Ñ3� d{ b��{a¥,Ø�U�¤� n

��X),�±ey²¥þb� (a, n) = 1.

·�Ù� (a, n) = 1�, {xk}'u n��ê�´X±Ïê�,��3m ∈ N,
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ê� {xk | x1 = m,xn = axn−1 + b } �c n ��¤� n ��X�duê�

{xk | x1 = 1, xl = axl−1 + b, l ≥ 2}�c n��¤� n��X.

e¡k�Ä b = 1��/,d�¯K=z�¦¤k��ê a,¦�

a− 1

a− 1
,
a2 − 1

a− 1
, . . . ,

an − 1

a− 1

� npØÓ{.

� n = p, p��ê.

d�e��ê a÷vþã^�,Kk

p -
aj − 1

a− 1
− ai − 1

a− 1
, ∀1 ≤ i < j ≤ p,

(Ü (a, p) = (a, n) = 1,k

p -
aj−i − 1

a− 1
,∀1 ≤ i < j ≤ p.

q a−1
a−1

, a
2−1
a−1

, . . . , a
p−1
a−1
� npØÓ{,K�Uk p | ap−1

a−1
.

e a 6≡ 1 (mod p),K p | ap − 1, a ≡ ap ≡ 1 (mod p),gñ!

e a ≡ 1 (mod p),K´�yÙ÷v�¦.

nþ,d���ê a÷v^���=� a ≡ 1 (mod p).

� n = pα, p��ê, α ≥ 2.

é�ê p, ��ê m, e pk | m, pk+1 - m, KP� vp(m) = k. d½Â´�

m2 | m1�,

vp

(
m1

m2

)
= vp (m1)− vp (m2) .

(1) p�Û�ê�.

e a 6≡ 1 (mod p),Kd�� a−1
a−1

, a
2−1
a−1

, . . . , a
p−1
a−1
Ã{�¤� p��X,�Ø

�U�¤� pα��X.

e a ≡ 1 (mod p),dÍ¶�,�½n (= LTEÚn),�

vp

(
ak − 1

a− 1

)
= vp

(
ak − 1

)
− vp(a− 1)

= vp(a− 1) + vp(k)− vp(a− 1)

= vp(k),

�= pα|ak−1
a−1
��=� pα | k.

�e�3 1 ≤ i < j ≤ pα, pα | aj−1
a−1
− ai−1

a−1
,K pα | aj−i−1

a−1
,u´ pα | j − i,�

j − i ≤ pα − 1gñ! l

a− 1

a− 1
,
a2 − 1

a− 1
, . . . ,

ap
α − 1

a− 1
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� pαpØÓ{.

(2) p = 2�.

d (a, 2α) = 1� a�Ûê.

e a ≡ 3 (mod 4),K

v2

(
a2

α−1 − 1

a− 1

)
= v2

(
a2

α−1 − 1
)
− v2(a− 1) =

α−2∑
i=0

v2

(
a2

i

+ 1
)
≥ α.

u´ 2α | a2
α−1−1

a−1
,K 2α | a2

α−1+1−1
a−1

− a−1
a−1

,

a− 1

a− 1
,
a2 − 1

a− 1
, · · · , a

2α − 1

a− 1

¥k� 2αÓ{�ü�,ØÎK¿.

e a ≡ 1 (mod 4),K k�Ûê�,

v2
(
ak − 1

)
= v2(a− 1) + v2

(
1 + a+ · · ·+ ak−1

)
.

 1 + a+ · · ·+ ak−1´Ûê�Ûê�\,´��Ûê,�

v2
(
1 + a+ · · ·+ ak−1

)
= 0,

= v2
(
ak − 1

)
= v2(a− 1).q

v2
(
a2 − 1

)
= v2(a− 1) + v2(a+ 1) = v2(a− 1) + 1,

dêÆ8B{��

v2 (a
m − 1) = v2(a− 1) + v2(m),∀m ∈ N+.

u´Ó p�Û�ê��¹��, d�

a− 1

a− 1
,
a2 − 1

a− 1
, . . . ,

a2
α − 1

a− 1

� 2αpØÓ{.

nþ,d� a÷v�¦��=� a ≡ 1 (mod p), p�Û�ê

a ≡ 1 (mod 4), p = 2
.

� n�IO©)ª� n = pα1
1 p

α2
2 · · · pαrr .

d����e aØ÷v a ≡ 1 (mod p1p2 · · · pr), e 4 - n

a ≡ 1 (mod 2p1p2 · · · pr), e 4|n
.

��3 1 ≤ i < j ≤ n, n | aj−1
a−1
− ai−1

a−1
,K

∀pi ∈ {p1, p2, · · · , pr} , pαii |
aj−i − 1

a− 1
,
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q��d�  a ≡ 1 (mod pi), pi�Û�ê

a ≡ 1 (mod 4), pi = 2
.

k pαii | j − i.l n | j − i,� 1 ≤ j − i ≤ n− 1gñ!

�d�
a− 1

a− 1
,
a2 − 1

a− 1
, · · · , a

n − 1

a− 1

� npØÓ{,÷v^�.

e¡�Ä���/.´�ê� {xk | x1 = 1, xl = axl−1 + b, l ≥ 2}�c n�

=�

1, a+ b, · · · , an−1 + b
an−1 − 1

a− 1
.

d^���Ù¥?¿ü�� nØÓ{,�=

∀1 ≤ i < j ≤ n, ai−1 + b
ai−1 − 1

a− 1
6≡ aj−1 + b

aj−1 − 1

a− 1
(mod n),

=

∀1 ≤ i < j ≤ n, (a− 1 + b)
aj−i − 1

a− 1
6≡ 0 (mod n).

ùÄk�¦ ∀1 ≤ i < j ≤ n, a
j−i−1
a−1

6≡ 0 (mod n),= a ≡ 1 (mod p1p2 · · · pr), e 4 - n

a ≡ 1 (mod 2p1p2 · · · pr), e 4|n
.

�e (b, n) > 1,� pk ∈ {p1, p2, · · · , pr} , pk | (b, n),K pk|a− 1 + b.qd�

a− 1

a− 1
,
a2 − 1

a− 1
, · · · , a

n − 1

a− 1

� npØÓ{,��3 1 ≤ s ≤ n− 1,¦ pαk−1
k |as−1

a−1
.� j − i = s,Kk

(a− 1 + b)
aj−i − 1

a− 1
≡ 0 (mod n),

ØÎÜ�¦.

e (b, n) = 1,Kd� (a− 1 + b, n) = 1,�

∀1 ≤ i < j ≤ n,
aj−i − 1

a− 1
6≡ 0 (mod n).

�

∀1 ≤ i < j ≤ n, (a− 1 + b)
aj−i − 1

a− 1
6≡ 0 (mod n),

ÎÜ�¦.

nþ, é�½���ê n ≥ 4, P n �IO©)ª n = pα1
1 p

α2
2 · · · pαrr , K
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f(x) = ax+ b(a, b ∈ N∗)´� n���õ�ª��=� (b, n) = 1,� a ≡ 1 (modp1p2 · · · pr) , e 4 - n

a ≡ 1 (mod2p1p2 · · · pr) , e 4|n
.

5 n = 2 �, f(x) = ax + b(a, b ∈ N∗) ´��õ�ª��=� a ≡ 0

(mod 2)½ b ≡ 1 (mod 2).

n = 3�, f(x) = ax + b(a, b ∈ N∗) ´��õ�ª��=� a ≡ 1 (mod 3)

� b 6≡ 0 (mod 3).

�� �©��
¾�¸P��|±���.

5 êÆ#(�


