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I. ÁÁÁ KKK

K 1.1 ®� 4ABC ´b�n�/, P � CB ò��þ�:�÷v AB =

BP ,Q�BCò��þ�:�÷vAC = CQ. 4ABC�º:A¤éA���

� �J � AB,AC ò��u D,E. �� DP � EQ�u: F ,y²: AF ⊥ FJ .

K 1.2 ��Æ�k 300�Æ),Ù¥Ø�3n�Æ),¦�üü´*l.®

�z Æ)�õk n�*l,�éz���êm(1 ≤ m ≤ n),�3��Æ),Ù

Tkm�*l.¦ n����.

K 1.3 ®��¢ê a´�§

zn + (Re an−1)z
n−1 − |an−2|zn−2 − · · · − |a1|z − |a0| = 0

��,Ù¥ a0, a1, · · · , an−1�Eê.y²:õ�ª

f(z) = zn + an−1z
n−1 + · · ·+ a1z + a0

�� z÷v Re z ≤ a.

K 1.4 � b > 1´�ê. éz���ê n, - ub(n)� n3 b?�L«e

��"êi��ê. y²:éu?¿�½���ê nÚ k, �3��ê m¦�

ub(mn) = ub(n) + k.

ÂvFÏ: 2019-05-04.
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K 2.1 � n ≥ 2´�½��ê,¦���~ê λ = λ(n)¦�Ø�ª

a1 − b1
a1 + b1

+
a2 − b2
a2 + b2

+ · · ·+ an − bn
an + bn

≤ λ

é¤k÷v a1 + a2 + · · · + an = b1 + b2 + · · · + bn ��¢ê a1, a2, · · · , an, b1,

b2, · · · , bnþ¤á.

K 2.2 n�ÀÃë\�'m,zü�<�õ?1�|'m,�vk²Û.®

�éu?�dØ�Lm�ÀÃ�¤�8Ü X,�3�¶Øáu X �ÀÃ,ÙÂ

}L X ¥¤kÀÃ.y²:m+ 1 ≤ blog2(n+ 1)c.

K 2.3 3��� 4ABC ¥,: M ´> BC ¥:,± AM ��»���

4ABC �	�� �O�,�: A′.: A′ 3 AB,AC þ��K©O� D,E.y

²:L:M �� AO²1���²©�ã DE.

K 2.4 y²:�3Ã¡õ���ê n,¦� nØU�¤ 2a + 3b − 5c�/ª,

Ù¥ a, b, c´�K�ê.

///. ))) ���

K 1.1 ®� 4ABC ´b�n�/, P � CB ò��þ�:�÷v AB =

BP ,Q�BCò��þ�:�÷vAC = CQ. 4ABC�º:A¤éA���

� �J � AB,AC ò��u D,E. �� DP � EQ�u: F ,y²: AF ⊥ FJ . ABI = 128.48°
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y² � �J � BC u: G,ë( AG, JD, JE.

d AD,AE ´ �J ���� A,D, J, E o:��,�T�± AJ �». 5¿

� BD = BG,q BP = BA,¤±4BDP ∼= BAG,u´ ∠PDB = ∠AGB. Ó
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n, ∠QEC = ∠AGC.l


∠ADP + ∠AEQ = ∠AGB + ∠AGC = 180◦,

�

∠ADF + ∠AEF = 360◦ − (∠ADP + ∠AEQ) = 180◦,

¤± A,D, F,E o:��.l
 A,D, J, F,E Ê:��,� AJ �ù����»,

� AF ⊥ FJ. �

µ5 ù´��{ü�AÛK,�©Ç� 94%.)K�'�´|^��n�

/Ú��,�� A,D, F,E o:��,l
y�(Ø.

K 1.2 ��Æ�k 300�Æ),Ù¥Ø�3n�Æ),¦�üü´*l.®

�z Æ)�õk n�*l,�éz���êm(1 ≤ m ≤ n),�3��Æ),Ù

Tkm�*l.¦ n����.

) n����� 200.

ò¯K=z�ãØ¯K,^ Ai(1 ≤ i ≤ 300)L«1 i�Æ),e Ai, Aj ´*

l,K AiAj ë>,P¤��ã� G,K8^�C�:

(1) G¥Ø�3n�/;

(2)z�:�Ý�u�u n;

(3)�3Ý�m(1 ≤ m ≤ n)�:.

·��E 300�:��Üã.1�|�A1, · · · , A100,1�|�A101, A102, · · · ,

A300,Ù¥, Ai(i = 1, · · · , 100)� A100+i, · · · , A300ë>,K

d(Ai) = 201− i, 1 ≤ i ≤ 100, d(A100+j) = j, 1 ≤ j ≤ 200,

÷v^�.

ey n ≤ 200.

�Ý� n�:,Ø��� An+1,�T:� A1, A2, · · · , An k>.�dTãÃ

n�/�, A1, A2, · · · , An ¥?ü:Ã>,�Ù¥?¿:�Ý�õ� 300 − n.l


Ý� 301− n� n− 1�:þ3 An+2, · · · , A300¥,u´k

n− 1− (301− n) + 1 ≤ 300− (n+ 2) + 1,

=k n ≤ 200. �

µ5 dK´¥�JÝ�|ÜK,�©Ç� 63%.dK�'�´��*l�
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õ�Æ),|^K�^�éTÆ)�*lÚ�{�Æ)?1©Û,l
�� n�

��.�E´�éN´�.

K 1.3 ®��¢ê a´�§

zn + (Re an−1)z
n−1 − |an−2|zn−2 − · · · − |a1|z − |a0| = 0

��,Ù¥ a0, a1, · · · , an−1�Eê.y²:õ�ª

f(z) = zn + an−1z
n−1 + · · ·+ a1z + a0

�� z÷v Re z ≤ a.

y² ^�y{.

� f(z)�� z÷v Re z > a,K a−1 > (Re z)−1 > |z|−1,�

|z + an−1| ≥ Re(z + an−1) > a+Re an−1.

dK�^��

a+Re an−1 = |an−2|a−1 + |an−3|a−2 + · · ·+ |a0|a−(n−1).

(Üþ¡üª� a−1 > |z|−1�,

|z + an−1| ≥ |an−2|a−1 + |an−3|a−2 + · · ·+ |a0|a−(n−1)

> |an−2||z|−1 + |an−3||z|−2 + · · ·+ |a0||z|−(n−1),

ü>Ó¦± |z|n−1��,

|zn + an−1z
n−1| − |an−2||z|n−2 − · · · − |a0| > 0,

2(Ün�Ø�ª��,

|f(z)| = |zn + an−1z
n−1 + · · ·+ a1z + a0|

≥ |zn + an−1z
n−1| − |an−2||z|n−2 − · · · − |a0| > 0,

ù� z´ f ��gñ!�k Re z ≤ a. �

µ5 ù´��k�½JÝ��ê¯K,� 25%�Æ)�Ñ.T¯K�K¡

#L,�?n¯K�Ã{%´;.�:=ò��\��§�Ø±§��pg�½

1�pg�,l
=z�§����ê��§5?n,Ï~ù«�{��4��

�{.

K 1.4 � b > 1´�ê.éz���ê n, - ub(n)� n3 b?�L«e

��"êi��ê.y²:éu?¿�½���ê nÚ k, �3��ê m¦�

ub(mn) = ub(n) + k.
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y² é k^8B{.

ky k = 1��/.

- n =
d−1P
i=0

cib
i,Ù¥ ci ∈ {0, 1, . . . , b− 1}, d = blogb(n)c+ 1.

� cj ´����I¦� cj 6= 0.·�©ü«�¹:

(i) cj ≥ 2.���ê r, s,÷v r > s+ d > 2d� n | br − bs.K

M = br − bs + bs−jn ≡ 0 (mod n),

u´,

M = br +
d−1X

i=j+1

cib
i+s−j + (cj − 1)bs,

l
 ub(M) = ub(n) + 1,d�-m = M
n
=�.

(ii) cj = 1,���ê r, s,÷v r > s+ d > 2d� n | br − bs.K

M = br − bs + bs−j+1n ≡ 0 (mod n),

u´

M = br +
d−1X

i=j+1

cib
s−j+1+i + (b− 1)bs,

� ub(M) = ub(n) + 1,-m = M
n
=�.

ùÒy²
 k = 1��/.

b� k�¤á,�Ä k + 1���/.

d8Bb�,�3 mk,¦� ub(mkn) = ub(n) + k.2d k = 1��/�,�

3m,¦�

ub(mmkn) = ub(mkn) + 1 = ub(n) + k + 1.

d�,�mk+1 = mmk =�. �

µ5 �K´JÝ���êØK,�kØ� 8%�Æ)�édK.��Ä�

�*	´�Iy² k = 1��/,��'�g,��{´é n� b?�e��

"êè?1N�,N��üÑXe:�Ä n�Ä��"êè,e§�u 1 ,Kòù

� ~� 1 ,c¡eZ \þ 1 ,du b� n�UØp�,23" Öþ�
 0

=�÷v^�;eÄ��"êè�u1,Krcã�Y��CzE�·^.

K 2.1 � n´?¿�½���ê, n ≥ 2,¦���~ê λ = λ(n)¦�Ø�

ª
a1 − b1
a1 + b1

+
a2 − b2
a2 + b2

+ · · ·+ an − bn
an + bn

≤ λ
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é¤k÷v

a1 + a2 + · · ·+ an = b1 + b2 + · · ·+ bn

��¢ê a1, a2, · · · , an, b1, b2, · · · , bnþ¤á.

) λ(n) = n− 1.

��¡,du a1+a2+ · · ·+an = b1+ b2+ · · ·+ bn,��3 i0 ∈ {1, 2, · · · , n},

¦ bi0 ≥ ai0 ,¤±
ai0−bi0
ai0+bi0

≤ 0.é i 6= i0,

ai − bi
ai + bi

≤
�����ai − biai + bi

����� < 1.

l

nX

i=1

ai − bi
ai + bi

=
X
i 6=i0

ai − bi
ai + bi

+
ai0 − bi0
ai0 + bi0

< n− 1 + 0 = n− 1.

,��¡,- a2 = · · · = an = 1, b2 = · · · = bn = 1
p
,

a1 = p, b1 = p+ (n− 1)

�
1− 1

p

�
,

Ù¥ p > n,Kk
nP

i=1
ai =

nP
i=1

bi,�� p→∞�,

a1 − b1
a1 + b1

→ 0,
ai − bi
ai + bi

→ 1, i = 2, 3, · · · , n.

l

nP

i=1

ai−bi
ai+bi

→ n− 1. �

µ5 ù´��¥�JÝ��êK,�©Ç� 42%.é ai > bi��/, ai−bi
ai+bi

�

�Zþ.� 1;é ai ≤ bi��/, ai−bi
ai+bi

��Zþ.� 0.du
nP

i=1
ai =

nP
i=1

bi,÷v

ai > bi� i�õ n− 1�,�¤¦ª��Zþ.� n− 1.ªu�Z~ê�~fé

Ð�E.

K 2.2 n�ÀÃë\�'m,zü�<�õ?1�|'m,�vk²Û.®

�éu?�dØ�Lm�ÀÃ�¤�8Ü X,�3�¶Øáu X �ÀÃ,ÙÂ

}L X ¥¤kÀÃ.y²:m+ 1 ≤ blog2(n+ 1)c.

y² k=��ãØ�ó.ò nÀÃw¤k�ã�º:,eÀÃ u�
 v,K

ë�^l u� v�>,P¤��ã� G.

¤yØ�ª�du n ≥ 2m+1 − 1.

ém^8B{.

�m = 1�,e n = 2,Kd^�,KÙ¥?�:�,�:k>,ù�^�g

ñ.� n ≥ 3.
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b�·Kém− 1¤á.eym���/.

- d−(w)L«º: w�\Ý.K

X
w∈V (G)

d−(w) ≤
 
n

2

!
=
n(n− 1)

2
,

Ù¥ V (G)L« G�º:8.dÄT�n,�3º: v¦ d−(v) ≤ n−1
2
.

- V ′L«¤k� vk>�º:�¤�8Ü,´� |V ′| ≥ m.é V ′�?��

Ø�Lm− 1�f8X,d^�, G¥�3�º: u,¦ u�X
S{v}¥?�:k

>.Ïd, u ∈ V ′.

ù`²,éu V ′ ¥?�Ø�L m − 1�f8 Y,þ�3 V ′ �:,T:� Y

¥?�:k>.�k8Bb�� |V ′| ≥ 2(m−1)+1 − 1.l


n− 1

2
≥ d−(v) = |V ′| ≥ 2m − 1.

=k n ≥ 2m+1 − 1.�y. �

µ5 ù´��k�½JÝ�ãØK,�©Ç� 18% .)K�g´´38B

{¥�Ñ\Ý���:,�Ä�ù:k>�º:�¤�8Ü,|^8Bb��±

y�(Ø.

K 2.3 3��� 4ABC ¥,: M ´> BC ¥:,± AM ��»���

4ABC �	�� �O�,�: A′.: A′ 3 AB,AC þ��K©O� D,E.y

²:L:M �� AO²1���²©�ã DE.

y{� (333���NNN¥¥¥MMM���ÅÅÅ) � A�é»:� K. du ∠AA′M = 90◦,�

K,M,A′��.

K

L

N

D

E A'

M

O

A

C

B
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5¿�

∠EDA′ = ∠EAA′ = ∠CAA′ = ∠CBA′,

∠DA′E = ∠DAC = ∠BAC = ∠BA′C,

u´4A′DE ∼ 4A′BC.

� N ´ DE �¥:,@o,4A′DN ∼ 4A′BM,l
4A′DB ∼ A′NM .

��� NM � AB��:� L,K

∠BLM = ∠DA′N = ∠BA′M = ∠BA′K = ∠BAO,

u´MN ⊥ AO. �

y{� (©©©���) ò� AO�� O�u T ,�H �4ABC�R%, L, N, J �

DE, AH, AA′�¥:, �� DE, MA′�u S.

´� TB ⊥ BA, TC ⊥ CA.K TB � CH,CT �BH.l
o>/ BTCH �

²1o>/.ùíÑ T, M, H��.´� TA′ ⊥ A′A,MA′ ⊥ A′A.¤± T, M, A′

��.� T, M, H, A′o:��.

d¥ ��5��O, N, J���T�²1u TA′.d Steiner½n (Steiner

½n´�n�/�	��þ�:'un�/� Simson�²©T:�n�/R

%�¤��ã)� S � A′H ¥:. l
 NS � AA′, JS � AH.� SN ⊥ NJ.

´� A, D, E, A′o:����%� J ,K JL ⊥ LS.¤± J, N, L, S o:

��. d

∠DKA = ∠HAC + ∠DEA = ∠HAC + ∠DA′A

= 90◦ − ∠ACB + 90◦ − ∠BAA′
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= 180◦ − ∠AA′B − ∠BAA′

= ∠ABA′ = ∠ATA′ = ∠AON.

�� ∠ONL = ∠JSD = ∠AKD = ∠AON.� NL � AO.

d	%,R%5�� OM = 1
2
AH = AN ,� OM � AH. ¤± OM ²1��

�u AN .¤±o>/ AOMN �²1o>/.¤±MN � AO.¤±M, L, N

n:���T�²1u AO.¤±LM �²1u AO���²© DE. �

µ5 ù´��¥�JÝ�AÛK,�©Ç� 51% .�K�){�õ,�%¹


Nõ(Ø.){ 1�9ü���¤�)��|�q,±9�qéA:�¦^.

){ 2nÜ|^
 Simson�,R%,	%Ú¥:�5�.

K 2.4 y²:�3Ã¡õ���ê n,¦� nØU�¤ 2a + 3b − 5c�/ª,

ùp a, b, c´�K�ê.

y{� ·�y²/X 6k+1(k ≥ 1)��êØUL«¤ 2a +3b− 5c�/ª.

eØ,,� 6k + 1 = 2a + 3b − 5c.

e a ≥ 1,K 1 ≡ 3b − 5c (mod 2),ù� 3b, 5cþ�Ûêgñ.

u´ a = 0. e b = 0, K�k c = 0 �, 2a + 3b − 5c â´��ê. �d�

2a + 3b − 5c = 1 < 7,gñ.

e b ≥ 1.K 0 ≡ 0− 5c (mod 3),Ø¤á.

�/X 6k + 1(k ≥ 1)��êØUL«¤ 2a + 3b − 5c�/ª. �

y{� ·�y²� n ≡ 7 (mod 12)�, nØU�¤ 2a + 3b − 5c�/ª.

5¿�

2a ≡ 1, 2, 4, 8 (mod 12), 3b = 1, 3, 9 (mod 12), 5c = 1, 5 (mod 12),

e�3�K�ê a, b, c,¦ 2a + 3b − 5c ≡ 7 (mod 12),·�©ü«�¹.

1)e 5c = 1 (mod 12),K 2a + 3b ≡ 8 (mod 12),u��,Ø¤á.

2)e 5c = 5 (mod 12),K 2a + 3b ≡ 0 (mod 12),u��,Ø¤á.

�Ø�3�K�ê a, b, c, ¦ 2a + 3b − 5c ≡ 7 (mod 12). l
� n ≡ 7

(mod 12)�, nØU�¤ 2a + 3b − 5c�/ª. �

µ5 ù´��¥�JÝ�êØK,�©Ç� 42%.ùa¯K^Ó{�{´

~��g´,'�´À�Ü·��.ùp� 6Ú� 12Ñ´�1�.�K�JÝ·

�3ÀK�vkO(µ�.
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