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1�K é?¿��ê n, P φ(n) � n �î.¼ê, 
 Φ(n) =
nP

m=1
φ(m). y

²:
nY

m=1

mφ(m) ≥
È

Φ(n)Φ(n).

(�u�ÆÆ) ��� øK)

y² (�âúô	°¥Æã|ÓÆ�)��n):

Äky²Xe(Ø: X
1≤i,j≤n,i+j≥n+1,

gcd(i,j)=1

1

ij
= 1.

ù´Ï�l n− 1� n��>�Cz�
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X

1≤i≤n,
gcd(i,n)=1

1
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−

X
i+j=n,1≤i,j≤n−1,

gcd(i,j)=1

1

ij

=
X

1≤i≤n,
gcd(i,n)=1

1

in
+

1

(n− i)n
− 1

i(n− i)
= 0.

y35¿�þ¡�ª�>z� iéA� j � n + 1− i ∼ n¥� ip��@


, �Tk φ(i)�ù�� j. ¤±�ª�>´ Φ(n)�ê¦Ú. dþ�Ø�ª,Y
1≤i,j≤n,i+j≥n+1,

gcd(i,j)=1

1

ij
≤
�

1

Φ(n)

�Φ(n)

.

�>�
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1≤i≤n
i2φ(i), u´·K�y. �

µ5 (1). U9½Hm¥ÆV©m, �(Æ, ô��âìp?¥Æa�§,

ÜZ´, är¥Æ�f�, ìÜ�ÆNá¥Æìè±9Jõ��²�mÓAP

���Ñ
�K��()�.

(2). þ¡��{é|, �du�Ø�ª¿Ø;, ÏL���O Φ(n)���

�Uy².
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1�K ��ê a1, a2, · · · , an ÷vXe^�: é?¿ 1 ≤ k ≤ n, �3

A ⊆ {1, 2, . . . , n} ¦� k ∈ A � Q
i∈A

ai ���²�ê. y²:

(a) �3 {1, 2, . . . , n} ��� dn+1
2
e �f8 B ¦�

Q
i∈B

ai ���²�ê.

(b) �3Ã¡õ� n 9÷v^��ê| (a1, a2, . . . , an), ¦�þ�¯¥�

n+1
2
´�`� (=Ø�3 |B| > n+1

2
¦�

Q
i∈B

ai ���²�ê).

(MÃ�Æ Çh øK)

y² (a) (�âÉ²p?¥ÆÜA
ÓÆ�)��n):

é 1 ≤ k ≤ n, � Ak ÷v k ∈ Ak �
Q
i∈Ak

Ai´²�ê. - ∆�é¡�, �Ä

M =
X

1≤k1<k2<···<kt≤n
|Ak1∆Ak2∆ · · ·∆Akt |,

Ù¥Ø�) t = 0��¹. KM ´ 2n − 1�ü��Ú.

,��¡, é 1 ≤ i ≤ n, �Tk x ≥ 1 �8Ü Ak �¹ ai, K ai ∈

Ak1∆Ak2∆ · · ·∆Akt ��=� Ak1 ∼ Akt ¥kÛê�8Ü�¹ ai. ù���U5

�k 2x−1 · 2n−x = 2n−1«. �M = 2n−1 · n.

¤±�3,� B = Ak1∆Ak2∆ · · ·∆Akt ¹k�L n
2
���. ù� B =÷v

^�.

(b) (�âúô	°¥Æã|ÓÆ�)��n):

b� n = 2m − 1, ·�ém8B?1�E.

�m = 2, n = 3�, � a1 = a2 = a3 = 2=�.

b� 2m − 1��3�| (a1, . . . , a2m−1)÷v�¦. � 2k − 1��ù
êp

���ê p1, . . . , p2k−1, �Äe¡ 2m+1 − 1�ê:

p1, p1a1, p2, p2a2, . . . , p2k−1, p2k−1a2k−1, p1p2 · · · p2k−1.

N´�yù
êÎÜkû^�, =éÙ¥z�êþUé��¹§��
ê, �

�´²�ê�¦È. e¡·��y |B| ≤ 2mù�(Ø. XJ p1p2 · · · p2m−1 ∈ B,

Kéz� 1 ≤ i ≤ 2m − 1, pi � piai ¥k�=k��3 B ¥, � |B| ≤ 2m. X

J p1p2 · · · p2m−1 /∈ B, Kéz� i, pi� piaiÓ�3 B¥½öÓ�Ø3 B¥. |

^8Bb�½�y² |B| ≤ 2m. �

µ5 (1). är¥ÆÛp�, É²p?¥ÆÜA
, úô	°¥Æã|, ô

��âìp?¥Æa�§, ÜZ´�ÓÆ��Ñ
�K��()�.

(2). 3�Ðr���)K�k��)Ø, ¢¦
1�¯p�“��”�i.

3da�ÐA Æ)P��Ñù��Ø.
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1nK � A1, A2, . . . , An � n ���8Ü, y²e¡�Ú�K:
nX
i=1

1

|Ai|
−

X
1≤i<j≤n

2

|Ai ∪ Aj|
+

X
1≤i<j<k≤n

3

|Ai ∪ Aj ∪ Ak|
+· · ·+(−1)n−1 n

|A1 ∪ · · · ∪ An|
.

(U9¢�¥ÆÆ) )�² øK)

y² (�âøKö�)��n):

·��Iy²

1

|A1|
−
X

2≤i≤n

1

|A1 ∪ Ai|
+

X
1≤i<j≤n

1

|A1 ∪ Ai ∪ Aj|
+· · ·+(−1)n−1 1

|A1 ∪ · · · ∪ An|
≥ 0.

ò n�ù��Ø�ª�\=��K.

5¿�Ø�ª�>�ue¡�È©:Z 1

0

1

x
·

�
x|A1| −

X
2≤i≤n

x|A1∪Ai| + · · ·+ (−1)n−1x|A1∪···∪An|

�
dx

u´?�Ú��y²éz� 0 ≤ x ≤ 1,

x|A1| −
X

2≤i≤n
x|A1∪Ai| + · · ·+ (−1)n−1x|A1∪···∪An| ≥ 0.

�d�Ä��VÇ�., ±VÇ xÕáÓ©Ù/� A1 ∪ · · · ∪An�z���, �

�8Ü E. K x|A1|� A1 ⊂ E�VÇ, x|A1∪Ai|� A1 ∪Ai ⊂ E�VÇ, ��. ¤

±dN½�n, þ¡Ø�ª��>�L�´ E �¹ A1�Ø�¹Ù¦?Û Ai�

VÇ. ùw,�K, �·K�y. �

µ5 (1). É²p?¥ÆÜA
, ô��âìp?¥Æa�§, ÜZ´�Ó

Æ, ìÜ�ÆNá¥Æìè±9Jõ��²�mÓAP���Ñ
�K��(

)�.

(2). ùp^��È©�{�±òàgõ�ªØ�ª=z�éJ^Ù¦�

{?n�©ªØ�ª. k,��ÓÆ�±}Áe¡�¯Kµ� a, b, c��¢ê,

Kk

1

4a
+

1

4b
+

1

4c
+

1

a+ b
+

1

b+ c
+

1

c+ a
≥ 3

3a+ b
+

3

3b+ c
+

3

3c+ a
.

1oK (a) ¦�����ê c, ¦��3��ê x, y ÷v y3 − 2x2 = c.

(b) éþ�¯¥��� c, ¦÷v y3 − 2x2 = c �¤k��êé (x, y).

(MÃ�Æ +¡) øK)

) (�âô��âìp?¥Æa�§, ÜZ´ÓÆ�)��n):

·�y² c = 5´���, ¿� y = 7, x = 13´ c = 5����).
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éu c = 1, �Ä

y3 = 2x2 + 1 = (1 +
√
−2x)(1−

√
−2x).

3�� Z[
√
−2]¥, 1 +

√
−2x� 1−

√
−2xw,p�(§��ú�ê�Ø§��

�), �d��©)�ùü�ê©O´,�ü ¦±��á�ê. duü�ü 

ê ±1Ñ´á�ê, ·���

1 +
√
−2x = (a+ b

√
−2)3.

'�ü>Xê�� a3 − 6ab2 = 1, l
 a = ±1, dd�� y = 1, x = 0, ØÎ^

�.

XJ c = 2½ c = 4, K y´óê, ü>� 8�Ñgñ. XJ c = 3, K y´Û

ê, �?�Ú/�� y ≡ 3, 5 (mod 8), ò y3 − 2x2 = 3��

(y + 1)(y2 − y + 1) = y3 + 1 = 2(x2 + 2).

du x2 + 2 �z�Û�Ïfþ� 1, 3 (mod 8), ·��� y2 − y + 1 ≡ 1, 3

(mod 8). �ù3 y ≡ 3, 5 (mod 8)�´Ø�U�. 1

���Ä c = 5, ·�ò�§��

(2y)3 = 16x2 + 40 = (4x+ 2
√
−10)(4x− 2

√
−10).

du Z[
√
−10]Ø´��©)��, ·�òþ¡w¤'un���ª. �e5·

�©Ûü�Ìn� (4x + 2
√
−10)Ú (4x− 2

√
−10)���úÏf. w,§��

úÏf�Ø� (4
√
−10) = (2,

√
−10)5 · (5,

√
−10), Ù¥ (2,

√
−10)� (5,

√
−10)

Ñ´kü�)¤
��n�, ÷v

(2) = (2,
√
−10)2, (5) = (5,

√
−10)2, (

√
−10) = (2,

√
−10) · (5,

√
−10).

éu (2,
√
−10)ù��n�, (4x+ 2

√
−10)� (4x− 2

√
−10)�¹§��g

þ� 3. ù´Ï� (4x+ 2
√
−10) = (2) · (2x+

√
−10)(¢� (2,

√
−10)3�Ø,�

¿ØU� (2,
√
−10)4 = (4)�Ø. 
éu (5,

√
−10)ù��n�, (4x+ 2

√
−10)

� (4x − 2
√
−10)þØU�§�Ø. ÄK x´ 5��ê, �� y �´ 5��ê,

� y3 = 2x2 + 5Ã{¤á.

nþ·��� (4x+ 2
√
−10)� (4x− 2

√
−10)���úÏê� (2,

√
−10)3.

du§��¦È´��á�, �dn���©)½n�ùü�n�þ�á�(ü

 ´ ±1, �±�Ñ). ,
 (4x + 2
√
−10)´��Ìn�, 25¿� Z[

√
−10]�

n�aê� 2, Ø´n��ê. � (4x+ 2
√
−10)�½´��Ìn��á�. ù�

1éu c = 3��¹��±ÏL©Û y3 − 1 = 2(x2 + 1)� y3 + 125 = 2(x2 + 64)ùü��§
��gñ.
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4x+ 2
√
−10 = (a+ b

√
−10)3.

Ðm�� 2 = 3a2b− 10b3. � b | 2. ���y�� b = 1, a = ±2, �\�þ¡�

�ª=� x = ±13, y = 7. �

µ5 (1).<�N¥���ÓÆ±9ìÜ�ÆNá¥Æìè��Ñ
�

K��()�. éu1�¯¦�¦^
e¡�Ún: e�ê p÷v
�
−10
p

�
= 1,

K x2 + 10y2 = p±9 2x2 + 5y2 = pùü��§¥Tk��k��ê), �ù

|)��. aqu�²�Ú½nïá Z[i]¥���©)5�, ù�Ún�ïá


 Z[
√
−10]¥�©)5�. ¯¢þ, ù� Z[

√
−10]�aê� 2���'.

(2).1�¯¥éØÓ c �?nÄ�ºX
Mordell �§�Ä�){. l�

Ä���, �Ïª©)�Ü�g�{, 2��êêØ, ù
Ñ´Ø½�§¯Kp

�~�.
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