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1 1 K `¯ü<
Xe�iZ: `k3ç�þ�����ê. �X`¯ü

<Ó6ö�, ¯kö�. zgÓ�¯ö�, ¯ÀJ����ê b, òç�þ�ê

nO�� n − b2. zgÓ�`ö�, `ÀJ����ê k, òç�þ�ê nO�

� nk. XJç�þÑy
ê 0, K¯¼�. ¯`´Ä�±{�¯¼�?

){� (���§§§) `ØU{�¯¼�, ØØ`�m©3ç�þ��oê, ¯o

küÑ��.

é��ê n, ���/L«� n = xy2, Ù¥ x, y´��ê, � xØ¹²�Ï

f. P f(n) = x, ¡� n�Ã²�ÏfØ.

Ó�¯ö�, eç�þ�ê n ´��²�ê, K¯�±ÀJ b, ¦�

n − b2 = 0, d�¯¼�. e nØ´��²�ê, � n = xy2, Ù¥ xØ¹²�Ï

f, ¯� b = y, K n− b2 = (x− 1)y2, d� f(n− b2) = f(x− 1) < x, =¯�±

¦�ç�þ�ê�Ã²�ÏfØ~�.

Ó�`ö��, `Ã{¦�ç�þ�ê�Ã²�ÏfØC�. ¯¢þ, e`

�Ûê k, K f(nk) = f(n); e`�óê k, K f(nk) = 1 ≤ f(n).

�¯æ^þãüÑ�, oU¦�ç�þÑy��²�ê, U
eg¯�ö�

�¦�ç�þ�êC� 0. �

){� (oooººº���) ¯oU¼�. b�`�m©�
ê n. XJ,g`À
ó

ê k, Kç�þ�êC�²�ê, ¯e�ÓÒU��. �·�b�`z�ÓÑ�

Ûê k. do²�Ú½n, �ò n �¤

n = a2 + b2 + c2 + d2,

Ù¥ a ≥ b ≥ c ≥ d´�K�ê. ¯ò nU� n− a2 = b2 + c2 + d2 = n1.

ÂvFÏ: 2019-03-08.
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e b = 0, Kç�þ�ê´ 0, ¯¼�.

b� b 6= 0. `À
��Ûê k, Kç�þ�êC�

nk
1 = b2nk−1

1 + c2nk−1
1 + d2nk−1

1 ,

�L«�n��K�ê�²�Ú. �X¯òÙ~� b2nk−1
1 , ç�þ�êC�

n2 = c2nk−1
1 + d2nk−1

1 = C2 + D2,

�L«�ü��K�ê�²�Ú, Ù¥ C = cn
k−1
2

1 , D = dn
k−1
2

1 , C ≥ D. e

C = 0, K¯¼�. e C > 0, �`qÀ�
��Ûê l, ç�þ�êC�

nl
2 = C2nl−1

2 + D2nl−1
2 ,

E�ü��K�ê�²�Ú, d�¯òç�þ�ê~� C2nl−1
2 �����²�

ê(½ 0). `�e�gö�3e�ê�´²�ê(½ 0), ¯2egö��½¼�.

nþ, ¯�±3ogö��S¼�. �

1 2 K 3��F/ ABCD ¥, AB � DC. : E ´ AC �¥:. � ΓÚ

Ω©O´4ABEÚ4CDE �	��. � Γ3: A?����� Ω3:D?

�����u: P . y²: PE �� Ω��.

y{� (ëëë©©©ÓÓÓ) Xã 1 ¤«.

ã 1
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� BD¥:� F , AC � BD��:� G. duã/'u AB �¥R�é

¡, � Γ,ΩþL F . � �(AGF )� �(DEG)�,���:� P ′. du

∠P ′AG = ∠P ′FD, ∠P ′DF = ∠P ′EG = ∠P ′EA,

±9DF = AE, ��4P ′FD ∼= 4P ′AE , u´ P ′A = P ′F , P ′D = P ′E. l


GP ′²© ∠AGF , �

∠P ′AF = ∠P ′GF =
1

2
∠AGF = ∠ABF,

= P ′A� Γ��. aq/�y P ′D� Ω��, � P = P ′. 
 PD = PE, Ïd

PE ´ Ω�,�^��. �

y{� (


���) � BD¥:� F , AC � BD��:� G. duã/'u

AB�¥R�é¡, � Γ,ΩþL F . � AF,DE �¥:©O� G,H.

Xã 2 ¤«.

ã 2

� Γ3 A,F ?���©O� `1, `2, ��u: P1. KÙ� P1E´4AEF �

�Ý¥�, = EP1� EG'u ∠AEF �S�²©�é¡. (Ü EG � CF , ��

∠P1EF = ∠AEG = ∠ACF,

� P1E � Ω��.
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aq/, � Ω 3 D,E ?���©O� `3, `4, ��u: P2, K P2F ´

4DFE ��Ý¥�, = FP2 � FH 'u ∠DFE �S�²©�é¡. (Ü

FH � BE, ��

∠P2FE = ∠HFB = 180◦ − ∠FBE,

� P2F � Γ��.

·�y²
�� `1, `2, `4�:uP1,�� `3, `4, `2�:uP2,Ïd `1, `2, `3, `4

o��:, 
 P ´ `1� `3��:, � P = P1 = P2, � PE u Ω��. �

1 3 K �½�¢ê ε. y²: Øk����ê n, z�äk n �º:9�

� (1 + ε)n^>�{üã, Ñ¹kü�ØÓ�{ü�, §�äk�Ó�Ý.

555 ��{üãd��º:8Ü V Ú��>8Ü E �¤, Ù¥ E �z�

��Ñ´ V �����f8. ���Ý� k�{ü�´ E ��� k�f8 C,

Ù¥ k ≥ 3, ¦��3d k �ØÓ�º:�¤�S� v1, v2, · · · , vk, ÷véz�

1 ≤ i < k, {vi, vi+1}áu C, � {vk, v1}áu C.

y² b��3��äk n�º:9�� (1 + ε)n^>�{üã G, G�

¤k{ü�ÑäkØÓ��Ý, ·�y²ù�� nk��þ., l
é¤k¿

©�� n, K¥(Øþ¤á.

� G�k x�{ü�. du{ü���ÝØ�u 3 �Ø�u n, � G�{

ü�ÑäkØÓ�Ý, � x ≤ n− 2.

,��¡, 3 G�z�ëÏ©|þ���)¤ä, ù
)¤äÜ3�å�

¤ G���)¤Ü� F . � F ¥�>�¤8Ü E1, - E\E1 = E2.

´� |E1| ≤ n− 1, � |E2| ≥ εn + 1.

éz^> e ∈ E2, 3 F þV\> e����ãk���{ü�, ù�{ü

�P� Ce. Ce 3 E1 ¥k |Ce| − 1^>, Ïd3­EO�e, ¤k Ce ��¹

E1¥
∑
e∈E2

(|Ce| − 1)^>. qd G�b�, éØÓ� e, Ce��ÝpØ�Ó, �∑
e∈E2

(|Ce| − 1) ≥ 2 + 3 + · · ·+ (|E2|+ 1)

=
1

2
(|E2|+ 1)(|E2|+ 2)− 1

≥1

2
(εn + 2)(εn + 3)− 1

≥1

2
ε2n2.

d²þ��n, �3 f ∈ E1, ��Ñy3
1
|E1| ·

1
2
ε2n2 ≥ 1

2
ε2n� Ceþ.
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� e1, e2, · · · , es´ E2¥�ØÓ>, s ≥ 1
2
ε2n, ¦� f ∈ Cei , 1 ≤ i ≤ s.

é 1 ≤ i < j ≤ s, �	� Cei , Cej , §�kú�> f , 3ùü���¿8

¥, �3��{ü� C ⊂ (Cei ∪ Cej), C Ø¹ f . ¯¢þ C ´���, Ï�

F + ei + ej − f ¥Tk��{ü�, í�ù��þ�?¿�^>�q¤�

��)¤Ü�. òù� C P� C(ei, ej). w, ei, ej ∈ C(ei, ej), �éØÓ�

1 ≤ i < j ≤ s, C(ei, ej)pØ�Ó, �ØÓu Cei , �

x ≥
(
s

2

)
+ s ≥ 1

2
s2 ≥ 1

8
ε4n2.

(Ü x ≤ n− 2 < n, �� n < 8
ε4

. �é n ≥ 8
ε4

, K¥(Ø¤á. �

1 4 K y²: é?¿��ê n, þ�3��(�7à�)õ>/, Ù?¿n�

º:Ø��, �Tk n«�ª�n�¿©.

555 õ>/�n�¿©´�^�
3SÜpØ���õ>/SÜé��ò

ù�õ>/©��n�/.

y² (FFFOOO) n�/Tk�«n�¿©.e¡b� n ≥ 2. �õ>/

P = A1A2 · · ·AnBC,

Ù¥ Ai = (i, i2), i = 1, 2, · · · , n, B = (n,−M), C = (1,−M), Ù¥M > 0v


�, ¦� BA1� CAnþ�SÜé��.

é P �n�¿©, k����n�/± BC �>, �À�,� Ai (1 ≤ i ≤

n), �n�/ BCAi. é�eü�õ>/(i = 1½ i = n���e��õ>/)

CA1 · · ·Ai Ú BAi · · ·An UY�n�¿©Ñ�k����{, Ï�SÜé��

�k CA2, · · · , CAi−1Ú BAi+1, · · · , BAn−1, òù
é���ÜëÑ�, ·��

�
 P �n�¿©. �õ>/ P Tk n«n�¿©. �

1 5 K (½¤k¼ê f : R→ R, ÷vé?¿¢ê x, y, Ñk

f(x + yf(x)) + f(xy) = f(x) + f(2019y).

) (777999ppp) òK¥^�P� P (x, y). d P (2019, y)��

f(2019 + f(2019)y) = f(2019). (1)

e f(2019) 6= 0, K� y�H¤k¢ê�, 2019 + f(2019)y��H¤k¢ê, �

d (1) �, f �~�¼ê.

±eb� f(2019) = 0, � f Ø´~�¼ê. d P (x, 1)��

f(x + f(x)) = 0. (2)
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�/ 1: =� x = 2019 � f(x) = 0. d (2) �� x + f(x) = 2019, d�

f(x) = 2019− x.

�/ 2: �3 x0 6= 2019, ¦� f(x0) = 0. d P (x0, y)��

f(x0y) = f(2019y). (3)

3 (3) ¥^ x
2019
O� y, �

f(x) = f(kx), (4)

ùp k = x0

2019
6= 1. d P (kx, y)±9 (4) ��

f(kx + yf(x)) + f(xy) = f(x) + f(2019y).

� P (x, y)'�, ��

f(kx + yf(x)) = f(x + yf(x)). (5)

� u, v´?¿¢ê, �Ä�§| kx + yf(x) = u,

x + yf(x) = v.
(6)

� f
(
u−v
k−1

)
6= 0�, �)� x = u−v

k−1 ±9 y, l
d (6) � f(u) = f(v).

du f Ø´~ê, ��3��¢ê a, ¦� f
(

a
k−1

)
6= 0. eù�� a �

k a = 0, K� x 6= 0�þk f(x) = 0, 
 f(0) 6= 0. e¡�Äk a 6= 0, ¦�

f
(

a
k−1

)
6= 0,@o� u−v = a�, f(u) = f(v),= f± a�±Ï, f(x+a) = f(x).

d P (x + a, y)¿|^ f �±Ï5��

f(x + yf(x)) + f((x + a)y) = f(x) + f(2019y).

� P (x, y)'���

f((x + a)y) = f(xy). (7)

é?¿ u, v ∈ R, u 6= v, 3 (7) ¥- y = u−v
a

, x = av
u−v �� f(u) = f(v), l


 f ´~�¼ê, 
·�b� f Ø´~�¼ê, �ù��/Ø¤á, =�k

f(0) 6= 0.

nþ¤ã, ÷v^��¼êk±ena: f(x) = c~�, f(x) = 2019 − x,

±9

f(x) =

 0, x 6= 0,

c 6= 0, x = 0

N´�y, þãna¼ê÷v�¦. �
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1 6 K ¦¤k�êé (c, d), c, dþ�u1, �äkeã5�:

é?¿�� dgÄ��Xêõ�ª Q, ±9?¿���ê p > c(2c + 1), þ

�3�����êØ�L
(
2c−1
2c+1

)
p��ê8Ü S, ¦�8Ü⋃

s∈S

{s,Q(s), Q(Q(s)), Q(Q(Q(s))), · · · }

¹k� p����{X.

) (oooººº���) (c, d)÷v�¦��=� d ≤ c.

éõ�ª Q ±9�ê p, �Ek�ã G = G(Q, p), Ùº:8� V =

{0, 1, · · · , p− 1}, é i, j ∈ V (�± i = j ), ��=�Q(i) ≡ j (mod p)�Ú\�

^k�> i → j. Ø�b� S ⊂ V , S ÷vK¥(Ø��=�éz� t ∈ V , �

3 s ∈ S, ¦�3 G¥kl s� t�k�´(½ s = t ).

ù�ãäkù��
5�: z�º:?Tk�^Ñ>. d Lagrange ½n,

dgÓ{�§ Q(x) ≡ a (mod p)�õ�k d�), �z�º:?�õk d^\

>. �Ä��fëÏ©|(=Ø�Ä>����Ã�ã¥�ëÏ©|), 3ù�ë

Ï©|þduz�º:Tk�^Ñ>, �Tk��k�� C, z� C �	�º

:Ñk���k�´»�� C þ�º:.

XJ��fëÏ©|=´���, K3ù��þ�����º:, Ù{º:

Ñ�dù�º:÷k�´»��. XJ��fëÏ©|þØk��	�kÙ¦

º:, K7L�=I�Ù¥¤k\Ý� 0 �@
º:, KÙ{º:�Ñ�dù


º:Ñu²Lk�´»��. �G¥k k�fëÏ©|�k��, ,k l�\

Ý� 0 �º:, K�À�(���I�À�) k + l�º:�¤8Ü S, ¦�÷v

^�.

e d ≥ c+1,���ê p ≡ 1 (mod d),±9õ�ªQ(X) = Xd. duXd�

pTk 1 + p−1
d
�ØÓ�, Ù¥º: 0?´�>�´üÕ���fëÏ©|, �

k ≥ 1, l ≥ d−1
d

(p− 1), d�

|S| ≥ t + k ≥ 1 +
d− 1

d
(p− 1) ≥ 1 +

c

c + 1
(p− 1) >

(2c− 1

2c + 1

)
p,

� d ≥ c + 1Ø÷v�¦.

e 2 ≤ d ≤ c, � G ¥k ki �fëÏ©|T´�Ý� i �k��, i =

1, 2, · · · , n, ,	�kØ´ü�k���fëÏ©| G1, G2, · · · , Gm, ©Ok

ni �º:Ú vi �Ã\>�º:, 1 ≤ i ≤ m. du Q(X) ≡ X (mod p)�õ�

k d�), � k1 ≤ d. z� Gi, du3 ni − vi�k\>�º:?\ÝoÚ� vi,


z�º:?�õ d^\>, � d(ni − vi) ≥ ni, = vi ≤ d−1
d
ni.
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·�À����ê���÷v^��º:8Ü S, K

|S| =
n∑

i=1

ki +
m∑
i=1

vi ≤ k1 +
d− 1

d

n∑
i=2

iki +
m∑
i=1

d− 1

d
ni

≤ k1 +
d− 1

d

(
n∑

i=2

iki +
m∑
i=1

ni

)

= k1 +
d− 1

d
(p− k1) =

d− 1

d
p +

k1
d
≤ 1 +

(d− 1

d

)
p

≤ 1 +
(c− 1

c

)
p ≤

(2c− 1

2c + 1

)
p,

����Ø�ª�du p ≥ c(2c + 1). Ïd� 2 ≤ d ≤ c�÷v�¦. �
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