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K 1. ¦���¢ê Q,¦�éu¤k��ê nÚ¤k¢ê x0, x1, · · · , xn
(0 = x0 < x1 < · · · < xn),k

n∑
i=1

1

xi − xi−1
≥ Q

n∑
i=1

i+ 1

xi
.

(1 573 IMOýÀK)

) Qmax = 4
9
.

��¡,� xi =
i∑

k=1

k(k + 1), i ≥ 1,K

n∑
i=1

1

xi − xi−1
=

n∑
i=1

1

i(i+ 1)
= 1− 1

n+ 1
,

n∑
i=1

i+ 1

xi
=

n∑
i=1

3

i(i+ 2)
=

9

4
− 3

2

(
1

n+ 1
+

1

n+ 2

)
.

ù�,�¦�Ø�ª¤á,7L

Q ≤
1− 1

n+1
9
4
− 3

2

(
1

n+1
+ 1

n+2

) ,∀n ∈ N∗

- n→ +∞,� Q ≤ 4
9
.

,��¡,�I�Ä n ≥ 2��¹.d CauchyØ�ª,� ∀2 ≤ i ≤ n,k

9

xi − xi−1
+

(i− 1)2

xi−1
≥ (i+ 2)2

xi
.

l


9
n∑
i=1

1

xi − xi−1
− 4

n∑
i=1

i+ 1

xi

=
n∑
i=2

(
9

xi − xi−1
+

(i− 1)2

xi−1
− (i+ 2)2

xi

)
+
n2

xn
≥ 0.
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=
n∑
i=1

1

xi − xi−1
≥ 4

9

n∑
i=1

i+ 1

xi
. �

3ïÄù�ýÀK�,·�uy§���48�§)��35�d.

XJ�3��Ã¡¢êS� {xn}∞n=1÷v48�§

xn = f(xn−1, · · · , xn−k), (∗)

Ù¥ k´,��u n���ê,K¡48�§ (∗)3 Rþk).

·�Äky²
Xe·K:

·K 48�§  b1 =c

bk =c+
√
b2k−1 − k

(1)

3 Rþk)�¿�^�´:é ∀n ∈ N∗,∀ai ∈ R, i = 1, 2, · · · , nk

c2
n∑
i=1

1

ai
≥

n∑
i=1

i+ 1
i∑

k=1

ak

. (2)

5¿�þã·K¥�48�§ bk = c +
√
b2k−1 − k �­�� (bk − c)2 =

b2k−1 − k.ùéu·�ïÄ����48�§ (xk − c)2 = x2k−1 − f(k)k)�^

�.Ïd,·�ïá
Xe½n:

½n � c > 0, f(x) ∈ R[x],�÷v f(n) > 0,∀n ∈ N∗,K48�§Ω1 = c

(Ωn − c)2 = Ω2
n−1 − f(n)

(3)

k)�¿�^�´ f(x)ð� (0, c2]þ�~ê½ f(x) = ux+ v,Ù¥ u > 0, v ≥ 0

�÷v
u

2
√
u+ v

+
√
u+ v ≤ c. (4)

§1. ···KKK���yyy²²²

ù�!,·��Ñ·K�y².

·K�y² 7�5:e (1)¤á,P Si =
k∑
i=1

ak,Kd CauchyØ�ª�,é

∀n ∈ N∗, ai ∈ R+, i = 1, · · · , n,k

c2
n∑
i=1

1

ai
−

n∑
i=1

i+ 1

Si
=

n∑
i=2

(
c2

ai
+
b2i−1 − i
Si−1

− b2i
Si

)
+

(bn+1 − c)2

Sn
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=
n∑
i=2

(
c2

ai
+

(bi − c)2

Si−1
− b2i
Si

)
+

(bn+1 − c)2

Sn
≥ 0.

¿©5:­Eþ! IMOýÀK�){,� (2)¤á��=� c ≥ 3
2
,e¡�

I`² (1)¤á�du c ≥ 3
2
.

¯¢þ,b� 0 < c < 3
2
.

�Äê�
{
n+2
2

}
(T´ c = 3

2
�� {bn} )� {bn}�éA���.

5¿ n ≥ 2�,

n+ 2

2
− bn =

n+ 2

2
− c−

√
b2n−1 − n

>
n− 1

2
−
√
b2n−1 − n

=

(
n−1
2

)2 − (b2n−1 − n)
n−1
2

+
√
b2n−1 − n

=

(
n+1
2

)2 − b2n−1
n−1
2

+
√
b2n−1 − n

=

(
n+ 1

2
− bn−1

)
·

n+1
2

+ bn−1
n−1
2

+
√
b2n−1 − n

. �

q 1+2
2
− b1 = 3

2
− c > 0, �é n 8B´� n+2

2
− bn > 0,∀n ∈ N∗. l


bn−1 >
n+1
n−1 ·

√
b2n−1 − n.2|^�ª,�

n+ 2

2
− bn >

n+ 1

n− 1

(
n+ 1

2
− bn−1

)
,∀n ≥ 2.

?


n+ 2

2
− bn >

n∏
k=2

k + 1

k − 1

(
3

2
− c
)

=
n(n+ 1)

2

(
3

2
− c
)
,∀n ≥ 2.

� n ∈ N∗¦ 1
n0

+ 1
n0(n0+1)

≤ 3
2
− c,K bn0 < 0.�

bn0 = c+
√
b2n0−1 − n0 ≥ c > 0,

gñ! ù`² (1)¤á,7L c ≥ 3
2
.

,��¡,e c ≥ 3
2
,Ké n (\r)8B�y {bt}nt−1�3,� bn ≥ 1

2
n+ 1.¤

±d� (1)¤á.

nþ,¿©5�y. �

§2. ½½½nnn���yyy²²²

½n�y² (i)� deg f = 0�,� f ð�uµ (µ´�~ê). K

(Ωn − c)2 = Ω2
n−1 − µ, ∀n > 1

k)�¿�^�´ Ωn−1 ≥
√
µ.
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AO/, Ω2�3�¿�^�´ Ω1 ≥
√
µ,= c ≥ √µ. 
 c ≥ √µ�,é n8

B´y {Ω}+∞n=1�3. Ïd f ð�u µ (µ´�~ê)é {Ω}+∞n=1�3�¿�^�

´ c ≥ √µ .

(ii )� deg f ∈ N∗�,Ï� f(n) > 0,∀n > 0,� f(x)�Ä�Xê�u 0,Ï

d�3 x0 > 0,¦ f ′(x) > 0,∀x ≥ x0.l
�3 n0 ∈ N∗, n0 > 1¦�

f(n+ 1) ≥ f(n), ∀n ≥ n0.

b��3 n1 ≥ n0,¦ Ωn1 ≤ Ωn1−1, K

(Ωn1+1 − c)2 − (Ωn1 − c)2 = Ω2
n1
− Ω2

n1−1 − (f(n1 + 1)− f(n1)) ≤ 0,

= Ωn1+1 ≤ Ωn1 .l


Ωn1−1 ≥ Ωn1 ≥ Ωn1+1 ≥ · · · .

d f(x) �Ä�Xê�u 0, ��3 α ≥ n1, α ∈ N∗ ¦ f(α) > Ω2
n1−1, @o

f(α) > Ω2
α,u´

0 > Ω2
α − f(α) = (Ωα+1 − c)2,

gñ! l
 Ωn ≥ Ωn−1, ∀n ≥ n0. ?


Ω2
n−1 − f(n) = (Ωn − c)2 ≥ (Ωn−1 − c)2 ⇒ Ωn−1 ≥

1

2c
(c2 + f(n)), ∀n ≥ n0.

�

(Ωn − c)2 = Ω2
n−1 − f(n) < Ω2

n−1 ⇒ Ωn < Ωn−1 + c, ∀n > 1,

q Ω1 = c,� Ωn ≤ nc, ∀n ≥ 1. u´

(n− 1)c ≥ Ωn−1 ≥
1

2c
(c2 + f(n)), ∀n ≥ n0 ⇒ deg f = 1.

� f(x) = ux+ v,K u > 0, v ≥ 0.P

Sn =
u

2
√
u+ v

n+
√
u+ v, ∀n ∈ N∗.

b� 0 < c < S1,K S1 > Ω1,�

(Sn − c)2 > (Sn − S1)
2 =

u2

4(u+ v)
(n− 1)2 = S2

n−1 − f(n),

l


Sn − Ωn = Sn − c− (Ωn − c) >
√
S2
n−1 − f(n)−

√
Ω2
n−1 − f(n)

= (S2
n−1 − Ω2

n−1) ·
1√

S2
n−1 − f(n) +

√
Ω2
n−1 − f(n)

= (Sn−1 − Ωn−1)
Sn−1 + Ωn−1√

S2
n−1 − f(n) +

√
Ω2
n−1 − f(n)

, ∀n > 1. (5)
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q S1 > Ω1,�é n8B´y Sn > Ωn, ∀n ∈ N∗. ?�Ú,k

Ωn√
Ω2
n − f(n+ 1)

>
Sn√

S2
n − f(n+ 1)

⇒ Sn + Ωn√
S2
n − f(n+ 1) +

√
Ω2
n − f(n+ 1)

>
Sn√

S2
n − f(n+ 1)

=

u
2
√
u+v

n+
√
u+ v

u
2
√
u+v

n
= 1 +

2u+ 2v

u
· 1

n
,

(Ü (5)�,

Sn+1 − Ωn+1

Sn − Ωn

> 1 +
2u+ 2v

u

1

n
≥ 1 +

2

n
, ∀n ∈ N∗

⇒Sn − Ωn >

n−1∏
k=1

(
1 +

2

k

)
(S1 − Ω1) =

n(n+ 1)

2
(S1 − c), ∀n > 1,

u´

Ωn < Sn −
n(n+ 1)

2
(S1 − c), ∀n > 1.

5¿m>´'u n�Ä�Xê�K��g¼ê,��3 n ∈ N∗,¦

Sn −
h(h+ 1)

2
(S1 − c) < 0,

¤± Ωn < 0,gñ! Ïd c ≥ S1.

� c ≥ S1�,ém8B�y�3 {Ωn}mn=1,� Ωm ≥ Sm. � {Ωn}+∞n=1�3.

nþ¤ã, 48�§k)�¿�^�´ f(x) = µ (µ ∈ (0, c2]) ½ f(x) =

ux+ v ( u > 0, v ≥ 0÷v u
2
√
u+v

+
√
u+ v ≤ c ). �
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