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Vasile Ĉırtoaje35Algebraic Inequalities6�Ö¥y²
Xe�êØ�ª:

½n 1 � a1, a2, · · · , an ´�¢ê�÷v a1 + · · ·+ an = n, K

1

a1
+

1

a2
+ · · ·+ 1

an
− n ≥ 8(n− 1)

n2
(1− a1a2 · · · an).

¸#�ÓÆ3© [1] ¥y²
Xe(J:

½n 2 � a1, a2, · · · , an ´�¢ê� a1 + · · ·+ an = n, K

1

a1
+

1

a2
+ · · ·+ 1

an
− n ≥ (2

√
2− 1)(1− a1a2 · · · an).

·�y²
e¡���r�(J (�I5¿� 1.846 > 2
√

2− 1):

½n 3 � a1, a2, · · · , an ´�¢ê� a1 + · · ·+ an = n, K

1

a1
+

1

a2
+ · · ·+ 1

an
− n ≥ λ(1− a1a2 · · · an),

Ù¥,

λ = inf
b>0

(b− 1)2

b

1

1− be1−b
≈ 1.846.

y² éz� n,�Ä¼ê

Fn(a1, a2, a3, · · · , an) =
1

a1
+ · · ·+ 1

an
− n− λ(1− a1a2 · · · an),

Ù¥ a1 + · · ·+ an = n, ai > 0.

d© [1] ¥�y²��: Fn ����� αn �, {a1, a2, · · · , an} =kü«

��, Ø�� an Ñy
 un g, bn Ñy
 vn g, Kk un · an + vn · bn = n �

un + vn = n.

?¾FÏ: 2018-09-28.
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5¿�

Fn(a1, · · · , an) = Fn+1(a1, · · · , an, 1),

� αn ≥ αn+1.

·��Iyé?¿ n, k αn ≥ 0.

b�(ØØ¤á, K�3¢ê ε > 0 ¦�� nv
��, αn < −ε.

Ø���5, � an < 1, bn > 1. - cn = un

n
, dn = vn

n
. l
·���o�|

S� (an, bn, cn, dn), n = 1, 2, · · · , �k,

cn =
bn − 1

bn − an
, dn =

1− an
bn − an

.

�\� Fn,

n
(1− an)(bn − 1)

anbn
≤ λ(1− en(cn ln an+dn ln bn))− ε. (1)

du an, cn, dn ∈ [0, 1]Úà:�n�, �3o�|S��fS�, Ø�EP

� (an, bn, cn, dn), n = 1, 2, · · · ,¦� an Âñ�,� a ∈ [0, 1], cn Âñ�,�

c ∈ [0, 1], dn Âñ�,� d ∈ [0, 1], � bn Âñ�,� b ½ bn → +∞.

·�©o«�¹y²:

(i) bn → ∞ ���. � nv
��, (1)�z�

n
1− an
an

≤ λ(1− en(cn ln an+dn ln bn))− ε′.

Ïd n1−an
an

< λ, � n(1− an) < λ. 5¿�

ndn = vn ≥ 1,

ò dn = 1−an
bn−an �\�

n(1− an) ≥ bn − an.

l
�� λ+ 1 > λ+ an > n(1− an) + an > bn ,� bn →∞gñ.

(ii) bn → b > 1���. (1)�z�

n
(1− an)(b− 1)

anb
≤ (λ− ε′)(1− en(cn ln an+dn ln bn)).

Ïd

n
1− an
an

< λ
b

b− 1
.

l
 1−an
an
→ 0 ,K a = 1.

?�Ú, � nv
��,

n(1− an) = vn(bn − an) < λ
b

b− 1
,
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Ù¥ vn ∈ Z.

ù¿�X vn ´k.�. ·��±À� (an, bn, cn, dn) ���f�,¦� vn

ð� v.

´� v ≥ 1. Ïd (±e LHSL«Ø�ª�>, RHSL«Ø�ªm>)

LHS = n
(1− an)(b− 1)

anb
= v

(bn − an)(b− 1)

anb
→ v

(b− 1)2

b
.

·�2O� RHS:

cn ln an + dn ln bn =
(bn − 1) ln an + (1− an) ln bn

bn − an
= (1− an)(

ln b

b− 1
− 1) + o(1− an),

n(cn ln an + dn ln bn) = n(1− an)(
ln b

b− 1
− 1) + o(n(1− an))

→ v(ln b− b+ 1).

�

λ− ε′ ≥ v(b− 1)2

b(1− ev(ln b+1−b))
≥ (b− 1)2

b(1− eln b+1−b)
.

ù� λ�½Âgñ.

(iii) bn → 1 ��� a < 1 ���,

��/ 2�y²aq,·�Ó��±��(Ø.

(iv) bn → 1 ��� an → 1 ���,

|^Ø�ª 1− ex ≤ −x, ·�k, � nv
��,

n(1− an)(bn − 1) ≤ (λ− ε′)(−n(cn ln an + dn ln bn)),

=

(1− an)(bn − 1) ≤ (λ− ε′)(−(cn ln an + dn ln bn)).

é ln(1− x)?1 Taylor Ðm�:

−(cn ln an + dn ln bn) =
(bn − 1)((1− an) + (1− an)2/2 + o(1− an)2)

bn − an

+
(1− an)((1− bn) + (1− bn)2/2 + o(1− bn)2)

bn − an
=(bn − 1)(1− an)(1/2 + o(1)).

Ïd λ > 2, gñ.

·�2`² λ3ì?¿Âe´�`�.

é�½� b > 0, k� a1 = b, a2 = · · · = an = n−b
n−1 .
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- n→∞�±��

lim
n→∞

1
a1

+ 1
a2

+ · · ·+ 1
an
− n

(1− a1a2 · · · an)
= lim

n→∞

1
b

+ (n− 1)
(
n−1
n−b

)
− n

1− b
(
1 + 1−b

n−1

)n−1
= lim

n→∞

(
1

b
+

(b− 2)n+ 1

n− b

)
· 1

1− be1−b

=
(b− 1)2

b
· 1

1− be1−b
≥ λ.

2é b�e(.Ò�±��(Ø. �

ë�©z
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