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����Á�m� 2018 c 10 � 12 F 13 : 30 − 17 : 30 Ú 10 � 13

F 8 : 00 − 12 : 00, zU 4 �K. �u��Á�m� 2018 c 10 � 12 F

13 : 30− 17 : 00Ú 10 � 13 F 8 : 30− 12 : 00, 1�U 4�K, 1�U 3�K.

�©�Ñù
K8�)�±9�
{µ, Ù¥)�<�6¶�)��Ñ.

I. ÁÁÁ KKK

���!!! ������777¢¢¢EEEÁÁÁKKK

1. ü� ω1, ω2 	��Ø´��. ü���^	ú��� ω1 u A, � ω2 u

B. ω1 � ω2 ��:3� ω3 S, � ω3 ��� AB �l� ω3 � ω1 u C,Dü:,

� ω2u E,F ü:. CDÚ EF Ø²1.y²: ω3�± AB��»�����¿

©7�^�´�� AB,CD,EF n��:.

2. � S�¤k�u�u 2018���ê|¤�8Ü. ¦¤k¼ê f : S → Z,

÷vé?¿� i, j ∈ S, k (i+ j)
(
f(i) + f(j)

)
− 4f(i)f(j)�,��ê�²�.

3. ·�¡���Ý� n��O��K�êS� (a1, a2, · · · , an)¡�D−�

��, XJ=�3��� n �Ã�{üã, ÷vÙ��º:�Ýê©O�

a1, a2, · · · , an.

ùp���´ãÓ�¿Âe�: ü�ã G�H Ó�´�, �3�� G�º

:8� H �º:8�V� f , ÷v u, vë>��=� f(u), f(v)ë>.

P�Ý� n�D−���S��ê� dn,y²: � n ≥ 3�, dn ≥ 3·2n−2−2.

ÂvFÏ: 2018-10-15.
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4. �½��ê n > 1, ¦���¢ê λ, ¦�é?¿¢ê a1 ≥ a2 ≥ · · · ≥

an ≥ 0, k
n∑
k=1

(a1 + a2 + · · ·+ ak − k k
√
a1a2 · · · ak)2 ≤ λ

n∑
k=1

a2k.

5. k 2018¶Æ)�¤��. ¡��ÓÆ´`D�, XJ¦�ü>ÕX�<

ÚgC5OÑØÓ. ¦`D�I)ê�`D�å)ê�²������.

6. ep����ê n > k÷v n − k | nnn − kkk , K¡ (n, k)´��Ðé.

y²: �3Ã¡õ|Ðé (n, k), ¦� (n, 1013k)��Ðé.

7. �½�ê n > 1. ®���ê m Ú8Ü {1, 2, . . . , n} �ØÓf8

A1, A2, . . . , Am÷vé?¿ 1 ≤ i < j ≤ n, A1, A2, . . . , Am ¥TÐk n− j + i�

8ÜÓ�¹k i, j. ¦
m∑
k=1

|Ak|2����U�.

8. � R´¢ê8, C´Eê8.

(1) �¼ê f : R → R÷vé?¿ x, y ∈ R, |f(x − y)| = |f(x) − f(y)|. y

²: é?¿¢ê x, y, f(x+ y) = f(x) + f(y).

(2) �¼ê f : C → C÷vé?¿ x, y ∈ C, |f(x − y)| = |f(x) − f(y)|. y

²½Ä½: é?¿Eê x, y, f(x+ y) = f(x) + f(y).

���!!! ���uuu777¢¢¢EEEÁÁÁKKK

1. 34ABC ¥, : D,E 3> AB,AC þ, CD ∩ BE = I, AI ∩DE = J ,

AI ∩BC = K, ¦ AJ · AK � AI2���'X.

2. y²: 3²¡þ?� n��:, �3��gêØ�L
√
2n��"��õ

�ª¦�ù
�:Ñ´§�":.

3. ���ê n > 1, y²:(
1 +

1

n2

) 1
2n

−
(
1 +

1

n2

)− 1
2n

<
1

n2
√
1 + n2

.

4. ´Ä�3��ê n ≥ 22018, ¦�Ø�3��ê x, y, u, v, ÷v u, v > 1�

n = xu + yv.

5. ���àõ>/Ú§�SÜU� n��»Ø7�������CX. y

²½Ä½: �±lù
��¥ÀÑ�
üüØ����, ¦�ò§��»*�

n���, �±CX�àõ>/.
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6. éc n���ê^ k«ôÚ/Ú, ¦�Ã{l¥ÀÑn�ØÓÚ���

ê�¤��ê�. � k����� f(n). y²: log3 n ≤ f(n) ≤ 1 + log2 n.

7. �½��ê n, �½ n�¢ê 0 < pi < 1, i = 1, 2, . . . , n. é {1, 2, . . . , n}

���f8 I, ½Â PI =
∏
i∈I
pi, ¿� P∅ = 1. é?¿ {1, 2, . . . , n}���f8 I,

���¢ê XI , 2� X∅ = 1. y²:∑
I⊆{1,2,...,n}

∑
J⊆{1,2,...,n}

XIXJ

PI∩J
≥

n∏
i=1

(1− pi).

///. )))������µµµ555

���!!! ������777¢¢¢EEEÁÁÁKKK)))ÛÛÛ

1. ü� ω1, ω2 	��Ø´��. ü���^	ú��� ω1 u A, � ω2 u

B. ω1 � ω2 ��:3� ω3 S, � ω3 ��� AB �l� ω3 � ω1 u C,Dü:,

� ω2u E,F ü:. CDÚ EF Ø²1.y²: ω3�± AB��»�����¿

©7�^�´�� AB,CD,EF n��:.

y² (���999���,|||,,,¶¶¶)

��ã AB¥:�M , KdMA2 =MB2��, M3 ω1, ω2��¶ lþ.

d�F½n��, CD,EF �u lþ�: G. P± AB ��»��� ω4. �

ω3, ω4�:� T1, T2.

e AB,CD,EF �:, Kd:3 lþ, �3 ABþ, ��M :. KMC ·MD

=MB2 =MT 2
1 . l
MT1� ω3��, = ω3, ω4��.

e ω3, ω4��, KMT1� ω3��.l
M � ω3, ω1�����, ùL²M

3 CDþ. aq/, kM 3 EF þ. � AB,CD,EF �:. �
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µ5 �~{ü�1�K, ÙG�ü�ÓÆ�±é¯�Ñ. �|þ¿vk�

ã, �vk�Ñ���½Â, I�ÓÆ�Jc��.

2. � S�¤k�u�u 2018���ê|¤�8Ü. ¦¤k¼ê f : S → Z,

÷vé?¿� i, j ∈ S, k (i+ j)
(
f(i) + f(j)

)
− 4f(i)f(j)�,��ê�²�.

�Y ¤¦¼ê� f(x) = x,∀x ∈ S ±9 f(x) = 0,∀x ∈ S.

) (ÚÚÚÊÊÊ, ���������, 444ÓÓÓ���)

P^�� P (i, j).

d P (p, p)� (p− f(p)) · f(p)���²�ê. � (p− f(p)) · f(p) = y2, K

p2 = 4y2 + (p− 2f(p))2.

ù�, � p ∈ S � 4k + 3.�ê, Kd −1Ø´ p��g�{�, 7k p | 2y, p |

p− 2f(p) =⇒ y = 0, |p− 2f(p)| = p. Ïd, f(p) = p½ö f(p) = 0.

e¡©ü«�¹?Ø.

���/// 1. eé¤k 4k + 3.�ê p ∈ S, k f(p) = p. Ké?¿ x ∈ S, d

P (x, p)�� (x+ p)(f(x) + p)− 4f(x) · p���²�ê. =

(2p+ x− 3f(x))2 − (x− f(x))(x− 9f(x))

´��²�ê.

du S ¥�3Ã¡õ� 4k + 3.�ê, ·���� 4k + 3.�ê p÷v

2 · |2p+ x− 3f(x)| > 1 + |(x− f(x))(x− 9f(x))| .

@ok(
2p+ x− 3f(x)− 1

)2
<
(
2p+ x− 3f(x)

)2
−
(
x− f(x)

)(
x− 9f(x)

)
.(

2p+ x− 3f(x)
)2
−
(
x− f(x)

)(
x− 9f(x)

)
<
(
2p+ x− 3f(x) + 1

)2
.

¤±7Lk
(
x− f(x)

)(
x− 9f(x)

)
= 0, �Ò´ f(x) = x½ö f(x) = x

9
. �ö

�^� P (x, x)gñ. Ïd f(x) = x,∀x ∈ S.

���/// 2. e�3 4k + 3.�ê p ∈ S,¦� f(p) = 0. P T = {x ∈ S|f(x) =

0}, K p ∈ T .

é?¿ 4k + 3.�ê q ∈ S, d P (p, q)� (p + q)f(q)´²�ê. f(q) = 0

½ q, � (p + q)qØ´²�ê, ¤± f(q) = 0. Ïd?¿ 4k + 3.��ê q ∈ S,

k q ∈ T .

e¡y²é?¿ n ∈ S, k n ∈ T .
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�½ 4k + 3.� T ¥�ê p 6= q (du 4k + 3.�êkÃ¡�, ù��

p, q7,�3). P N0 = 2018 + (p− q)2 > 2018.

ky²�ê n ≥ N0 = 2018 + (p− q)2Ñk n ∈ T . ?��� n ≥ N0.

d P (n, p), P (n, q)�� f(n)(n + p), f(n)(n + q)Ñ´²�ê, e f(n) 6= 0,

(Ü�âÄ�½n�, (n+ p)(n+ q)´��²�ê. �

(2n+ p+ q − 1)2 < 4(n+ p)(n+ q) = (2n+ p+ q)2 − (p− q)2 < (2n+ p+ q)2,

� (n+ p)(n+ q)Ø´��²�ê, gñ. ¤±é¤k��ê n ≥ N0, k n ∈ T .

2y² 2018 ≤ n < 2018 + (p− q)2�, k n ∈ T .

?� 2018 ≤ m < 2018 + (p− q)2.

d P (m,N0), P (m,N0 +2)�� f(m)(m+N0), f(m)(m+N0 +2)Ñ´²�

ê. e f(m) 6= 0, K (m+N0)(m+N0 + 2)´²�ê, �

(m+N0)(m+N0 + 2) = (m+N0 + 1)2 − 1.

Ø´��²�ê,gñ. �é?¿ n ∈ S, f(n) = 0.

(Ü�/ 1Ú�/ 2, �K)�: f(x) = x,∀x ∈ S ±9 f(x) = 0,∀x ∈ S. �

µ5 ù�¼ê�§I��::�g�{±9�O�Eâ, 'ý�¥(J.

3. ·�¡���Ý� n��O��K�êS� (a1, a2, · · · , an)¡�D−�

��, XJ=�3��� n �Ã�{üã, ÷vÙ��º:�Ýê©O�

a1, a2, · · · , an.

ùp���´ãÓ�¿Âe�: ü�ã G�H Ó�´�, �3�� G�º

:8� H �º:8�V� f , ÷v u, vë>��=� f(u), f(v)ë>.

P�Ý� n�D−���S��ê� dn,y²: � n ≥ 3�, dn ≥ 3·2n−2−2.

y² (ÚÚÚÊÊÊ,ããã|||)

é n^êÆ8B{.

� n = 3�, S� (2, 2, 2), (2, 1, 1), (1, 1, 0), (0, 0, 0)þ´ D−���.

b� n− 1�¤á (n ≥ 4), �Ä n��/.

éz� n− 1�´ D−���S� (a1, a2, · · · , an−1), ê|

(a1, a2, · · · , an−1, 0)

�´ D−��� (�I3 n− 1��ã¥\\���á:=�). ê|

(n− 1, a1 + 1, a2 + 1, · · · , an−1 + 1)

�´ D−��� (�I3 n− 1��ã¥\\���Ù¦:þ�ë�:=�).

5 êÆ#(�



¿�þ¡�Ñ�ù
�� n�S�pØ�Ó (Ï� a1 ≤ n−2, an−1+1 ≥ 1).

� n�óê�, (1, 1, · · · , 1)´ D−��� (�| n
2
���), ÙÖãéA�

S� (n− 2, n− 2, · · · , n− 2)�´ D−���.

� n�Ûê�, (1, 1, · · · , 1, 2)´ D−��� (�| n−3
2
�������� 2

�ó), ÙÖãéA�S� (n− 2, n− 2, · · · , n− 2, n− 3)�´ D−���.

� dn ≥ 2dn−1 + 2 ≥ 3 · 2n−2 − 2. ·Ké n¤á, d8B�n�(Ø¤á.�

µ5 8B�E´N´���. ¥�JÝ|ÜK. ¯¢þ, ù�Xê 3�±

\r¤ lnnþ?�.

4. �½��ê n > 1, ¦���¢ê λ, ¦�é?¿¢ê a1 ≥ a2 ≥ · · · ≥

an ≥ 0, k
n∑
k=1

(a1 + a2 + · · ·+ ak − k k
√
a1a2 · · · ak)2 ≤ λ

n∑
k=1

a2k.

) é 1 ≤ i ≤
⌊
n
2

⌋
, - ai = 1. -Ù{� ai = 0. Kk⌊n

2

⌋2
·
(
n−

⌊n
2

⌋)
≤ λ

⌊n
2

⌋
.

l
, du n > 1, ¤± bn
2
c > 0,

λ ≥
⌊n
2

⌋(
n−

⌊n
2

⌋)
=

⌊
n2

4

⌋
.

ey λ =
⌊
n2

4

⌋
�Ø�ª¤á.

du a1 ≥ a2 ≥ . . . ≥ an ≥ 0, (Üþ�Ø�ª�

0 ≤ a1 + a2 + · · ·+ ak− k k
√
a1a2 · · · ak ≤ a1 + a2 + · · ·+ ak− kak =

i∑
j=1

(aj − ai) .

�·�k

n∑
k=1

(a1 + a2 + · · ·+ ak − k k
√
a1a2 · · · ak)2 ≤

n∑
i=1

(
i∑

j=1

(aj − ai)

)2

. (1)

é 1 ≤ i ≤ n− 1, - bi = ai+1 − ai, bn = an. K b1, b2, . . . , bnÑ´�K¢ê.

(1)m> =
n∑
i=2

( i−1∑
j=1

i−1∑
k=j

bk

)2

=
n∑
i=2

( i−1∑
j=1

jbj

)2

=
n∑
i=2

( i−1∑
j=1

i2b2i + 2
∑

1≤j<k≤i−1

jkbjbk

)
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=
n−1∑
i=1

(n− i)i2b2i + 2
∑

1≤i<j≤n−1

(n− j)ijbibj.

���y²
n−1∑
i=1

(n− i)i2b2i + 2
∑

1≤i<j≤n−1

(n− j)ijbibj ≤ λ

n∑
k=1

a2k. (2)

�\ ai =
n∑
j=i

bj, ��

λ
n∑
k=1

a2k =

⌊
n2

4

⌋ n∑
i=1

(
n∑
j=i

bj

)2
 ≥ ⌊n2

4

⌋n−1∑
i=1

(
n−1∑
j=i

bj

)2


=

⌊
n2

4

⌋(n−1∑
i=1

(
n−1∑
j=i

b2j + 2
∑

i≤j<k≤n−1

bjbk

))

=

⌊
n2

4

⌋(n−1∑
i=1

ib2i + 2
∑

1≤i<j≤n−1

ibibj

)
.

���y²
n−1∑
i=1

(n− i)i2b2i + 2
∑

1≤i<j≤n−1

(n− j)ijbibj ≤
⌊
n2

4

⌋(n−1∑
i=1

ib2i + 2
∑

1≤i<j≤n−1

ibibj

)
.

(3)

5¿�é�ê 1 ≤ i ≤ n− 1, i(n− i) ≤
⌊
n2

4

⌋
, bi ≥ 0, �k

(3)m>− (3)�>

=
n−1∑
i=1

i

(⌊
n2

4

⌋
− i(n− i)

)
b2i + 2

∑
1≤i<j≤n−1

i

(⌊
n2

4

⌋
− (n− j)j

)
bibj ≥ 0.

� (3)¤á, Ïd¤¦ λ�����
⌊
n2

4

⌋
. �

µ5 ����
No?nAÛ²þ, ù�K�eÜ©��þ¿Ø(J. Ø

L, 3?1 k
√
a1a2 · · · ak ≥ ak �� �, kéõÓÆ¦K
^þ�Ø�ªy²�

,	�>, qÏ� x2¿Ø3��½Â�î�üNO, Ò����)�3Ü6þ

´�Ø�. N�{��±?nù�¯K, �´���¡. e¡�Ñ^N�{�y

².

,) (|||,,,¶¶¶)

n = 1�, ´� λ���� 0. e¡�Ä n > 1��/.

é 1 ≤ i ≤
⌊
n
2

⌋
, - ai = 1. -Ù{� ai = 0. Kk⌊n

2

⌋2
·
(
n−

⌊n
2

⌋)
≤ λ

⌊n
2

⌋
.

l
, du n > 1, ¤± bn
2
c > 0, λ ≥

⌊
n
2

⌋ (
n−

⌊
n
2

⌋)
=
⌊
n2

4

⌋
. ey λ =

⌊
n2

4

⌋
�
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Ø�ª¤á.

Únnn éu
⌊
n
2

⌋
+ 1 ≤ t ≤ n, k⌊

n2

4

⌋
a2t ≥ (n− t)

( t∑
i=1

ai

)2

−

(
t−1∑
i=1

ai

)2
−( t−1∑

i=1

ai

)2

+

 t∑
i=1

ai − t t

√√√√ t∏
i=1

ai

2

.

Ún�y² e at = 0, (Øw,.

e at > 0. P

at = x, r =
1

x

(
t∏
i=1

ai

) 1
t

,
t−1∑
i=1

ai = S.

du a1 ≥ a2 ≥ a3 ≥ · · · ≥ at > 0, � r ≥ x
x
= 1. þª��n�⌊

n2

4

⌋
x2 ≥ (n− t)x (2S + x)− S2 + (S + x− trx)2

⇐⇒
⌊
n2

4

⌋
x ≥ 2S (n− t+ 1− tr) + (n− t)x+ (1− tr)2 x.

du S ≥ (t− 1) t−1

√
t−1∏
i=1

ai ≥ (t− 1) rx, 


r ≥ 1 =⇒ n− t+ 1− tr ≤ n− 2t+ 1 ≤ 0.

���y ⌊
n2

4

⌋
≥ −2r (t− 1) ((r + 1) t− n− 1) + n− t+ (tr − 1)2 . (1)

·�P (1)m>�'u r�¼ê f (r), KÙ�ê

f ′ (r) = −2 (2t− n− 1) (t− 1)− 2t (t− 2) (r − 1) ≤ 0.

����Ø�Ò´Ï�

2t− n− 1 ≥ 0, t− 1 ≥ 0, t (t− 2) ≥ 0, r − 1 ≥ 0.

l
��y r = 1�¤á, =⌊
n2

4

⌋
≥ −2 (t− 1) (2t− n− 1) + n− t+ (1− t)2 .

d
⌊
n2

4

⌋
≥ n2−1

4
�, ��y²

n2 − 1

4
≥ −2 (t− 1) (2t− n− 1) + n− t+ (1− t)2

⇐⇒ (6t− 3− n) (2t− 1− n) ≥ 0.

d n ≤ 2t− 1 ≤ 6t− 3, �¤á. Ún�y.
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£££������KKK. P

F (a1, a2, . . . , an) =

⌊
n2

4

⌋ n∑
k=1

a2k −
n∑
k=1

(a1 + a2 + · · ·+ ak − k k
√
a1a2 · · · ak)2 .

��y² F �K=�.

5¿�3 bn
2
c+ 1 ≤ t ≤ n�

F (a1, a2, . . . , at, 0, 0, . . . , 0︸ ︷︷ ︸
n−t�

)− F (a1, a2, . . . , at−1, 0, 0, . . . , 0︸ ︷︷ ︸
n−t+1�

)

=

⌊
n2

4

⌋
a2t − (n− t)

( t∑
i=1

ai

)2

−

(
t−1∑
i=1

ai

)2


+

(
t−1∑
i=1

ai

)2

−

 t∑
i=1

ai − t t

√√√√ t∏
i=1

ai

2

≥ 0.

�E$^Ún�, �I�Ä

an = an−1 = . . . = abn2 c+1 = 0. (2)

��¹.

Pm =
⌊
n
2

⌋
, K λ = m (n−m). (Ü a1 ≥ a2 ≥ · · · ≥ ak ≥ 0±9þ�Ø�

ª�

0 ≤ a1 + a2 + · · ·+ ak− k k
√
a1a2 · · · ak ≤ a1 + a2 + · · ·+ ak− kak =

i∑
j=1

(aj − ai) .

3^� (2)e, ·���
n∑
k=1

(a1 + a2 + · · ·+ ak − k k
√
a1a2 · · · ak)2

≤
m∑
i=1

(
i∑

j=1

(aj − ai)

)2

+ (n−m)

(
m∑
i=1

ai

)2

. (3)

2d^� (2), ·�k
n∑
k=1

a2k =
m∑
k=1

a2k. (4)

d (3),(4), ��y

m∑
i=1

(
i∑

j=1

(aj − ai)

)2

≤ m (n−m)
m∑
k=1

a2k − (n−m)

(
m∑
i=1

ai

)2

= (n−m)

m m∑
k=1

a2k −

(
m∑
k=1

ak

)2


9 êÆ#(�



= (n−m)
∑

1≤i≤j≤m

(ai − aj)2 . (5)


é 1 ≤ i ≤ m, d�ÜØ�ª, ±9 i ≤ m ≤ n−m�(
i∑

j=1

(aj − ai)

)2

≤ i

(
i∑

j=1

(ai − aj)2
)
≤ (n−m)

(
i∑

j=1

(ai − aj)2
)
.

l


(5)�> ≤ (n−m)
m∑
i=1

i∑
j=1

(ai − aj)2 = (5)m>.

nþ¤ã, ¤¦ λ�����
⌊
n2

4

⌋
. �

5. k 2018¶Æ)�¤��. ¡��ÓÆ´`D�, XJ¦�ü>ÕX�<

ÚgC5OÑØÓ. ¦`D�I)ê�`D�å)ê�²������.

) (���������)

rëY��Ó5O�ÓÆ��, ¿��üý´É5ÓÆ, Krù�ÓÆ¡�

��ã. ù�, �±þ�<���¤
I)ãÚå)ã, ¿�I)ãÚå)ã�

OÑy.

5¿�, `D�I)ê=��� 1�I)ãê, `D�å)ê=��� 1�

å)ãê.

·�5?1N�, ��ÄIå)Ñ�3��¹. ?���� > 1�I)ã,

�3eÙ¥?¿��I), rrr���eee���III)))CCC���ååå))). ù��ö�e, �� 1�I

)ã�êØ~, �� 1�å)ã�êØO. �`D�I)êÚ`D�å)ê�²

��Ø~.

zgN�¦I)�êþî�~�, �k�g�, 7,z�I)ã�ÝÑ´ 1.

�I)k x�,Kk x��� 1�I)ã. Kå)k 2018 − x�, 2�k

m��� 1�å)ã.

5¿�I)ãÚå)ã�ê��, �å)ã�k x�.

ù�, å)kmã�� 1, k x−mã���´ 2, �

m+ 2(x−m) ≤ 2018− x =⇒ m ≥ 3x− 2018. (1)

©üa�¹?Ø. e x ≤ 2018
3
, = x ≤ 672, K

x2 −m2 ≤ x2 ≤ 6722 = 451584.

e x ≥ 2018
3
, = x ≥ 673, K

x2 −m2 ≤ x2 − (3x− 2018)2 ≤ 7572 − (3 · 757− 2018)2 = 509040.
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ùp, ·�^� x2 − (3x− 2018)2 = −8(x− 3027
4
)2 + 1018081

2
, 3 x = 757���

x ∈ Zþ����.

nþ, x = 757, y = 2018− 757 = 1261,m = 3 · 757− 2018 = 253�, ���

�� 509040.

�äN/, � 757�I)¥m©Ok 1, 1, . . . , 1︸ ︷︷ ︸
253�

, 2, 2, . . . , 2︸ ︷︷ ︸
504�

�å)��ÿ�

�²������. �

µ5 x�ã, ��Ù��=�. ùp�rI)C�å)´���N�.

3�x�Ù(��, ��±Ø^N�{, ���Ñ (1), �{Xe.

�z�`D�I)(�� A�)ü>�å)xÝ|�å, ù�xÑ
 2AÝ

|�å. z�`D�å)(�� B �)Â��õ 2Ý|�å, Ù{z�å)(��

C �)Â��õ 1Ý|�å. ùL²

2B + C ≥ 2A ⇐⇒ 2B + (2018− A−B) ≥ 2A ⇐⇒ B ≥ 3A− 2018.

6. ep����ê n > k÷v n − k | nnn − kkk , K¡ (n, k)´��Ðé.

y²: �3Ã¡õ|Ðé (n, k), ¦� (n, 1013k)��Ðé.

y² (���������)

é?¿��êm ≥ 2, ·�5�y (2m + 1013, 1)=�÷v�¦�Ðé.

w,é?¿��ê n > 1, (n, 1)Ñ´Ðé, ����y (2m + 1013, 1013)´

Ðé=�.

P A = 2m + 1013, B = 1013, K A,Bp�.

duϕ(2m−1) = 2m−2 | A−B, (B, 2) = 1,(Üî.½n�, 2m−1 | BA−BB.

du 2m−1 | A−B, �k 2m−1 | AA −BB.

du ϕ(2m) = 2m−1 | AA − BB, (B, 2) = 1, dî.½n, 2m | BAA − BBB
.

du 2m | A−B, �k 2m | AAA −BBB
. q A−B = 2m, � A−B | AAA −BBB

.

nþ, (2m + 1013, 1) =�÷v�¦�Ðé. d m �±�Ã¡�� (�N

≥ 2��ê), ØÓ�méA� (2m + 1013, 1)�ØÓ. ùL²(Ø¤á. �

µ5 duÕ�, ù�K3ò¡þ¦�
 n > k, C�É~{ü (5¿?¿�

�ê k > 1, (1, k)Ñ´Ðé). 84
ù�¦É�ÓÆ (��Ó�)� 1/4)Ñ�


÷©. XJ�¦ n > k > 1, �K(ØE,¤á, k,��Öö�±}Á�e.

7. �½�ê n > 1. ®���ê m Ú8Ü {1, 2, . . . , n} �ØÓf8

11 êÆ#(�



A1, A2, . . . , Am÷vé?¿ 1 ≤ i < j ≤ n, A1, A2, . . . , Am ¥TÐk n− j + i�

8ÜÓ�¹k i, j. ¦
m∑
k=1

|Ak|2����U�.

) (444ÓÓÓ���)

Äk�Ä8Ü A1 = {1, 2}, A2 = {1, 2, 3}, · · · , An−1 = {1, 2, · · · , n}, An =

{2, 3, · · · , n}, An+1 = {3, 4, · · · , n}, · · · , A2n−1 = {n− 1, n}.

é?¿ 1 ≤ i < j ≤ n, k i, j Ó�Ñy3 (n − j) + i�8Ü¥, ÷v^�.

d�,k
2n−1∑
i=1

|Ai|2 = 22 + 32 + · · ·+ (n− 1)2 + n2 + (n− 1)2 + · · ·+ 32 + 22 =
2n3 + n− 6

3
.

±ey²
m∑
i=1

|Ai|2 ≥
2n3 + n− 6

3
.

é 1 ≤ i ≤ n, � iÑy3 xi�8Ü¥. é 1 ≤ i < j ≤ n, � i, jÓ�Ñy3

xi,j �8Ü¥. d^�, xi,j = n− j + i,∀1 ≤ i < j ≤ n.

25�O xi.

Äk, x1 ≥ x1,2 = n− 1, xn ≥ xn−1,n = n− 1.

Ùg, éu 2 ≤ i ≤ n− 1,k xi ≥ xi−1,i ≥ n− 1.

XJ xi = n− 1. @o i¤3�¤k8Üþ¹k i− 1, i, i+1,¤± i− 1, i+1

Ó�Ñy3�� n− 1�8Ü¥. � xi−1,i+1 = n− (i+ 1) + (i− 1) = n− 2, g

ñ.

Ïd, éu 2 ≤ i ≤ n− 1, k xi ≥ n. l

m∑
i=1

|Ai|2 =
m∑
i=1

∑
a∈Ai

∑
b∈Ai

1

=
∑
a,b

∑
i

a,b∈Ai

1

=
∑

1≤a≤n

xa + 2
∑

1≤a<b≤n

xa,b

≥ 2(n− 1) + (n− 2)n+ 2
∑

1≤a<b≤n

(n− b+ a)

= n2 − 2 + 2
n−1∑
k=1

∑
b−a=k

1≤a<b≤n

(n− k)

= n2 − 2 + 2
n−1∑
i=1

i2

www.nsmath.cn 12



=
2n3 + n− 6

3
.

nþ¤ã,
m∑
i=1

|Ai|2 �����2n3+n−6
3

. �

µ5 �üg´~^�Eâ, 3ù�K¥2gÑy
, �´��¥� J�

|ÜK.

8. � R´¢ê8, C´Eê8.

(1) �¼ê f : R → R÷vé?¿ x, y ∈ R, |f(x − y)| = |f(x) − f(y)|. y

²: é?¿¢ê x, y, f(x+ y) = f(x) + f(y).

(2) �¼ê f : C → C÷vé?¿ x, y ∈ C, |f(x − y)| = |f(x) − f(y)|. y

²½Ä½: é?¿Eê x, y, f(x+ y) = f(x) + f(y).

y² (���������)

(1) b��3 a, b÷v f(a+ b) 6= f(a) + f(b), qk

|f(a)| = |f(a+ b)− f(b)|, |f(b)| = |f(a+ b)− f(a)|.

��Uk

−f(a) = f(a+ b)− f(b),−f(b) = f(a+ b)− f(a).

(Üüª�, f(a) = f(b), f(a+ b) = 0. �·�k

|f(b)− f(−a)| = |f(b+ a)| = 0 =⇒ f(−a) = f(b) = f(a).

du f(a+ b) 6= f(a) + f(b)�, f(a) 6= 0. ·�k∣∣∣f (a
2

)∣∣∣ = ∣∣∣f(a)− f (a
2

)∣∣∣ =⇒ f
(a
2

)
=

1

2
f(a).

aq/,du f(−a) 6= 0,±9∣∣∣∣f (−a2
)∣∣∣∣ = ∣∣∣∣f(−a)− f (−a2

)∣∣∣∣ =⇒ f

(
−a
2

)
=

1

2
f(−a) = 1

2
f(a).

�k |f(a)| = |f(a
2
)− f(−a

2
)| = 0, ù� f(a) 6= 0�gñ, ��K(Ø¤á.

(2) � f(x) = ei<(x) − 1, ùp i´Jêü , e´g,éê�.ê, <(x)´

x�¢Ü. K

|f(x)− f(y)| =
∣∣ei<(x) − ei<(y)

∣∣ = ∣∣ei(<(x)−<(y)) − 1
∣∣ = ∣∣ei<(x−y) − 1

∣∣ = |f(x− y)|.
�´

f(2π)− 2f(π) = 0− 2(−1− 1) = 4 6= 0.

¤±(Ø´Ä½�. �

13 êÆ#(�



µ5 ¯¢þrù�¯K¥� R,C�¤ Z�(Ø´Ø¤á�. X�±�

f : Z → Z÷v f(n) = n− 2bn
2
c. ùéu·ØU��Ä a, b3 Zþ��5|Ü,

u´·=
�Ä Qþ��5|Ü, ¯KHA
).

éu1�¯, AT�±aÉ�(Ø´Ä½�, ÄKvk?ÛÃãy². Äk,

�
�y^=ØC5, �� f(x) = eiθ(x). ùp i´Jêü , e´g,éê�.

ê, θ(x)´�½� C→ R�¼ê. K

|f(x)− f(y)| =
∣∣eiθ(x) − eiθ(y)

∣∣ = ∣∣ei(θ(x)−θ(y)) − 1
∣∣ .

1���Ò^�
 θ(y) ∈ R =⇒ |eiθ(y)| = 1.

ùl·�I�����::, �I�é f ?1��²£, 2� θ(x)÷v

θ(x− y) = θ(x)− θ(y)=�.

ù�� θ(x)«aéõ, '�{ü��E�{´ké�^��, ¦ θ(x)3ù

^��þ´�5�, ,�òÿ���²¡. X� θ(x) = <(x). ��±�?n R

þ��Ü�§��, ÀÑ�| HamelÄ, �ù¿ØI�. I�5¿, θ(x)´¢�

¼ê3·�ù�g´e´7��.

���!!! ���uuu777¢¢¢EEEÁÁÁKKK)))ÛÛÛ

1. 34ABC ¥, : D,E 3> AB,AC þ, CD ∩ BE = I, AI ∩DE = J ,

AI ∩BC = K, ¦ AJ · AK � AI2���'X.

�Y AJ · AK > AI2.

) (444ÓÓÓ���)

� L��ã AI ¥:. d��o>/5��� A, I, J,K ¤NÚ:�. Ïd,

LJ · LK = LI2. �

AI2−AJ ·AK = (LI+AL)2−(LJ+AL)·(LK+AL) = AL·(2LI−LJ−LK) < 0.

Ù¥, ���Ø�Ò^�
 LJ · LK = LI2±9þ�Ø�ª, �ÒØU¤á´Ï
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� LJ < max{LI, LA} = LI < LK. �

µ5 ÙGNÚ:�5��ÓÆ¬ú�é{ü.

2. y²: 3²¡þ?� n��:, �3��gêØ�L
√
2n��"��õ

�ª¦�ù
�:Ñ´§�":.

y² (ÚÚÚÊÊÊ)

�½��ê N . P k = b
√
2nc. Pù n��:� (xm, ym),m = 1, 2, . . . , n.

�Äõ�ª8Ü

U =
{
f(x, y) =

∑
i,j≥0
i+j≤k

ai,jx
iyj
∣∣∣ai,j ∈ {1, 2, . . . , N}}.

éz� U ¥�� f(x, y), ½ÂÙ¤éA� n��ê|

(f(x1, y1), f(x2, y2), . . . , f(xn, yn)).

�
¦^ÄT�n, ·�5�Où
�ê|¥ØÓ�ê|��ê.

�M = max
1≤i≤n

{1, |xi|, |yi|}.

k

|f(xi, yi)| ≤
∑
i,j≥0
i+j≤k

|ai,jxiyj| ≤
∑
i,j≥0
i+j≤k

N ·Mk =
(k + 1)(k + 2)Mk

2
·N.

KØÓ� n��ê|��ê S ÷v

S ≤
(
(k + 1)(k + 2)Mk ·N + 1

)n
<
(
2(k + 1)(k + 2)Mk ·N

)n
.


ØÓ�õ�ª�êk N
(k+1)(k+2)

2 �. du (k+1)(k+2)
2

> n, 3 N ¿©��, k(
2(k + 1)(k + 2)Mk ·N

)n
< N

(k+1)(k+2)
2 .

�3 N ¿©��, 7,�3ØÓ�õ�ª f1, f2 ∈ U , ÙéA� n�ê|�Ó.

ùL²õ�ª f = f1 − f2÷vK��¦, =(
f(x1, y1), f(x2, y2), . . . , f(xn, yn)

)
= (0, 0, . . . , 0).

(Ø¤á. �

,y (ããã|||, ���������)

3ù�)�pØI��:�^�.
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Pù n�:� (xm, ym),m = 1, 2, . . . , n. P k = b
√
2nc. �õ�ª

f(x, y) =
∑
i,j≥0
i+j≤k

ai,jx
iyj.

òùn��:�\, ��'u ai,j(i, j ≥ 0, i+ j ≤ k)�àg�5�§|

∑
i,j≥0
i+j≤k

xi1y
j
1ai,j = 0

∑
i,j≥0
i+j≤k

xi2y
j
2ai,j = 0

...∑
i,j≥0
i+j≤k

xiny
j
nai,j = 0

. (1)

�§| (1)���ê�ê� (k+1)(k+2)
2

, �u�§�ê n. Kd�.%{K�, (1)

�½k�"), ùÒ���� f(x, y), ÷vù n�: (xi, yi)Ñ´Ù":. �

µ5 1��)�éÙG�5�ê�ÓÆ
óé{ü. ù�¯K��±��

�5�ê�Ä�SK. �&Ñ¤�:´�
�ÓÆ�õ)K��m.

3. ���ê n > 1, y²:(
1 +

1

n2

) 1
2n

−
(
1 +

1

n2

)− 1
2n

<
1

n2
√
1 + n2

.

y² (ããã|||)

P

α =

(
1 +

1

n2

) 1
2n

, β =

(
1 +

1

n2

)− 1
2n

.

K

αn − βn =

√
n2 + 1

n
− n√

n2 + 1
=

1

n
√
n2 + 1

. (1)

dþ�Ø�ª, 5¿� αβ = 1,

αn − βn

α− β
=

n−1∑
i=0

αiβn−1−i ≥ n

(
n−1∏
i=0

αiβn−1−i

) 1
n

= n. (2)

du α > 1 > β, � (2)��ÒØU¤á. (1)Ø± (2)=��Ø�ª¤á. �

µ5 eUuy�Ø�ªm>´�>ü� ng�Ú��� 1
n
, K¯KÒHA


)
.
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4. ´Ä�3��ê n ≥ 22018, ¦�Ø�3��ê x, y, u, v, ÷v u, v > 1�

n = xu + yv.

) (���������)

�3. �½��ê N > 22018. ½Â

Q = {xu|x ∈ Z+, u ∈ Z+, u > 1, xu ≤ N}, X = {x2|x ∈ Z+, x2 ≤ N}, Y = Q−X.

�{', 3�)�¥, ½ÂXePÒ: é��ê8Ü A,B, ½Â

A+B = {a+ b|a ∈ A, b ∈ B, a+ b ≤ N}.

^�y{, b�Ø�3÷vK8^�� n, Ké?¿��ê 22018 ≤ n ≤ N ,

Ñ�±é� Q¥ü���Ú� n, = n3 Q+Q¥.

ùL² Q + Q¥��k N − 22018 ���. ·�uy Q + Q¥z���7

,áu X +X,X + Y, Y + Y nö��.

N − 22018 ≤ |Q+Q| ≤ |X +X|+ |X + Y |+ |Y + Y |

≤ |X +X|+ |X| · |Y |+ |Y |2. (1)

@·�5�O X, Y,X +X ¥����ê.

Äk·�kw,�Ø�ª

|X| ≤
√
N.

Ùg, é Y , 5¿ Y ¥z�� xu� xÑ÷v x ≤ 3
√
N (ÄK xu ≥ x3 > N). 


u÷v u ≤ log2N (ÄK xu ≥ 2u > N). �k

|Y | ≤ 3
√
N log2N.

��5�Ä X +X, 5¿� 4{ 3���êØU��²�Ú, � X +X ¥��

k
(
N
4
− 1
)
� ≤ N ���êØÑy, =k

|X +X| ≤ N −
(
N

4
− 1

)
=

3N

4
+ 1.

�·�k

|Q+Q| ≤ |X +X|+ |X| · |Y |+ |Y |2

≤ 3N

4
+ 1 +N5/6 log2N +N2/3(log2N)2 (2)

(2)m>3 N ¿©��´' (1)�>��, ù��
gñ. �

µ5 ¯K�Ø%3� |Q+Q|����O. ��< |Q|5�O�Ø
, Ò�

�
©ã5�O. ¯¢þ |X +X|��´ BN√
lnN

þ?� (k,��Öö�±ë
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� [1]∗ . ¤± |Q+Q| = o(N). ÙGùa¯K�ÓÆ�±HA
).

5. ���àõ>/Ú§�SÜU� n��»Ø7�������CX. y

²½Ä½: �±lù
��¥ÀÑ�
üüØ����, ¦�ò§��»*�

n���, �±CX�àõ>/.

�Y �½�±��.

) (���999���)

·�P��U�»l���ü�, rù
���%�gP� C1, C2, C3, · · · ,

Cn, �»�g�� r1 ≥ r2 ≥ · · · ≥ rn.

·�UXeÚ½�Ñ��: �Ä¤k�®�Ñ���Ø�����, �Ù

¥�»��ö. k�Ú�Sö�7,(å.

e¡5y², ù|��UCXõ>/S¤k:. éõ>/S?¿�: A, �

Ù��� CiCX.

e�� Ci�·��Ñ, K A�CX
.

e�� Civk�·��Ñ,`²�3����� Ci���,�»�≥ ri�

����Ñ. ���� Cj. K rj ≥ ri. ·�k

|ACj| ≤ |ACi|+ |CiCj| ≤ ri + (ri + rj) ≤ 3rj.

� A�*�
 3��»��� Cj ¤CX.

nþ, (Ø¤á. �

µ5 ·�3ùp¦^
�%�{, ù�K�31�KJÝéÜ·.

6. éc n���ê^ k«ôÚ/Ú, ¦�Ã{l¥ÀÑn�ØÓÚ���

ê�¤��ê�. � k����� f(n). y²: log3 n ≤ f(n) ≤ 1 + log2 n.

y² (ããã|||)

ky�>Ø�ª. P vp(n)���ê n¥�ê p��g, =���g,ê

α÷v pα | n.

é?¿���ê m ≤ n,ò m /¤1 v3(m) + 1 «ôÚ. ù�¦^


blog3 nc + 1 > log3 n «ôÚ. éuØÓÚ���ê x, y, k v3(2x − y) =

min{v3(x), v3(y)}, � 2x− y� x, y��ÓÚ. � f(n) ≥ log3 n.

*[1] Topics in Number Theory, Volumes I and II, William J. LeVeque. 1 IIò, 1 7-5Ù
! ( The integers representable as a sum of two squares). Dover Publications (2002)
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2ym>Ø�ª. é α8By² 2α ≤ n < 2α+1 (α ∈ N)�·K¤á.

� α = 0�, n = 1, w,¤á.

b� α− 1�¤á. �Äê 1, 2, · · · , n/þ�ôÚ.

eÙ¥kü«ôÚØÓu 1, 2, · · · , 2α − 1¤/þ�ôÚ, Ø���ùÚÚ

7Ú.

����/þùÚ�ê� x, ���/þ7Ú�ê� y. w, x 6= y, Ø��

x < y. K

2α ≤ x < y ≤ n < 2α+1 =⇒ 2x− y > 0.

�Ä��ê 2x−y,§�ÉÚé (x, y)�¤��ê�,Ù7½� x, y��ÓÚ.�

2x− y�o´ùÚ, �o´7Ú. � 2x− y < x < y , ù� x���5½ y��

�5gñ. �ê 1, 2, · · · , n/þ�ôÚ�õ�k�«ôÚØÓu 1, 2, · · · , 2α− 1

¤/þ�ôÚ. ùL² f(n) ≤ f(2α − 1) + 1 ≤ α + 1 ≤ 1 + log2 n. ·Ké α¤

á, �d8B�n�, (Ø¤á. �

µ5 K8�/ªJ«
·�æ^êÆ8B{. c�Ü©¢SþÒ´|^


p−adicê�(�. ¥�JÝ�|ÜK.

7. �½��ê n, �½ n�¢ê 0 < pi < 1, i = 1, 2, . . . , n. é {1, 2, . . . , n}

���f8 I, ½Â PI =
∏
i∈I
pi, ¿� P∅ = 1. é?¿ {1, 2, . . . , n}���f8 I,

���¢ê XI , 2� X∅ = 1. y²:∑
I⊆{1,2,...,n}

∑
J⊆{1,2,...,n}

XIXJ

PI∩J
≥

n∏
i=1

(1− pi).

y² (ããã|||,ÚÚÚÊÊÊ)

P�8 U = {1, 2, · · · , n}. ·�y²:∑
I⊆{1,2,...,n}

∑
J⊆{1,2,...,n}

XIXJ

PI∩J
=
∑
K⊆U

( ∏
i∈U−K

(1− pi)

)(∑
J⊆K

√∏
i∈K−J pi∏
i∈J pi

XJ

)2

.

(1)

Ï� pi > 0 (i = 1, 2, . . . , n), � (1)¥��ª´k¿Â�.

éz�é I, J ⊆ {1, 2, · · · , n}, O� (1)ªm>Ðmª¥ XIXJ �Xê.

���/// 1. e I 6= J , K XIXJ 3m>�Ðmª¥Ñy3 I ∪ J ⊆ K éA�Ú
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ª¥, ÙXê

= 2
∑

(I∪J)⊆K⊆U

( ∏
i∈U−K

(1− pi)

)
·

√∏
i∈K−I pi∏
i∈I pi

·

√∏
i∈K−J pi∏
i∈J pi

= 2
∑

(I∪J)⊆K⊆U

( ∏
i∈U−K

(1− pi)

)
·
∏

i∈K−(I∪J) pi∏
i∈I∩J pi

= 2
1

PI∩J
·

 ∑
(I∪J)⊆K⊆U

∏
i∈U−K

(1− pi) ·
∏

i∈K−(I∪J)

pi


= 2

1

PI∩J
.

�����ª´Ï�XJò U − (I ∪ J)�¤kf8w¤�����m, Ù¥

z��� i ∈ U − (I ∪ J)Ñy�VÇ� pi, ØÑy�VÇ� (1 − pi), @oé

K ((I ∪ J) ⊆ K ⊆ U), ∏
i∈U−K

(1− pi) ·
∏

i∈K−(I∪J)

pi

=�f8K − (I ∪ J)Ñy�VÇ(du 0 < pi < 1, ù´�±���). ùL²∑
(I∪J)⊆K⊆U

∏
i∈U−K

(1− pi) ·
∏

i∈K−(I∪J)

pi = 1.

���/// 2. e I = J , K X2
I �Xê

=
∑

I⊆K⊆U

( ∏
i∈U−K

(1− pi)

)
·
∏

i∈K−I pi∏
i∈I pi

=
1

PI
·
∑

I⊆K⊆U

( ∏
i∈U−K

(1− pi) ·
∏

i∈K−I

pi

)

=
1

PI
.

�����ª´Ï�XJò U − I �¤kf8w¤�����m, Ù¥z��

� i ∈ U − I Ñy�VÇ� pi, ØÑy�VÇ� (1− pi), @oéK (I ⊆ K ⊆ U),∏
i∈U−K

(1− pi) ·
∏

i∈K−I

pi

=�f8K − I Ñy�VÇ(du 0 < pi < 1, ù´�±���). ùL²∑
I⊆K⊆U

∏
i∈U−K

(1− pi) ·
∏

i∈K−I

pi = 1.

(Ü±þü«�¹=� (1)¤á. du 1 − pi ≥ 0 (i = 1, 2, . . . , n),±9é
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K ⊆ U k (∑
J⊆K

√∏
i∈K−J pi∏
i∈J pi

XJ

)2

≥ 0.

�

(1)�> ≥

(∏
i∈U

(1− pi)

)
X2
∅ =

∏
i∈U

(1− pi).

�

µ5 ���J�´, ù�KÚ 2018c¥IåfêÆc���1nK�{

A�����. �,, @�K3�|þ�´�~J�, �L@�Kéù�K�Ï

é�.

III. oooµµµ

���!!! ������777¢¢¢EEE

8c�K'�c{ü, z��KÑk÷©�ÓÆ. ²þY²´ 3.5�, �p

�ÓÆ�
 7.5�.

���!!! ���uuu777¢¢¢EEE

8c�K'�c{ü. �p�ÓÆ�
÷©. � 5�K±þÒék¿�å


.

�ö^SUì\\ìè�k�ü�. K"µ5þd1��ö�Ñ.
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