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Þ1.e¡0�dg�Á�ÁKÚ)�.

I. ÁÁÁ KKK

1. ¢ê x1, x2, · · · , x2018÷v:

x1 + x2 + · · ·+ x2018 = 1007, � |xi+1 − xi| ≤ 1, i = 1, 2, · · · , 2017.

¦ x2 + x4����.

(É²1�¥Æ ëR øK)

2. ®�4ABC ´���b�n�/ (AB > AC), �O´Ù	��, M ´

BC ¥:, A1 ´ �Oþ A�é»:, D,E ©O´> AB,AC ò��þ�:�÷

v BD = AB,CE = AC. A2 (ØÓu A1)´ �O� 4A1DE �	���:.y

²: ∠AMC = ∠A2MC.

(þ°oG�� Û�u øK)

3. �n´�u 27��ê, a1, a2, · · · , an´�~ê���ê�, {b1, b2, · · · , bm}

⊆ {a1, a2, · · · , an}÷v m
n
≥ 7

9
.y²:8Ü

A = {bi + bj
��� 1 ≤ i, j ≤ m}

¥�3�êØ�u n���ê�.

(þ°�Æ Ç£´ øK)

ÂvFÏ: 2018-06-06.
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4. �½Û�ê p.¡���õ p − 1g�õ�ª F (x)´/{�0,XJé

?¿� pp���ê a, b,Ñk 1
p
(F (a) + F (b)− F (ab))´�ê.

(i)y²:�3���pg�Xê´ 1
p
�{�õ�ª.

(ii)e f(x)´{��Xêõ�ª.y²:�3�ê t¦� 1
p
(f(x) + txp−1 − t)

´�Xêõ�ª.

(uÀ���N¥ ��� øK)

5. �� 3n�:�²¡:8��/f;80,XJÙ¥?¿ n + 1�:¥k

ü:�ål� 1.¦f;8¥ål� 1�:éê8����.

(§²W¤M�¥Æ ±�� �²� øK)

6. é>Ø²1�ào>/ ABCD ¥, AB ò��� DC ò���u E,

ADò��� BC ò���u F. K ´4CDF �	���4ADE �	���

�: (K 6= D).o>/ ABCD�o^	�²©��¤ào>/ GHIJ (Xã).

4CDF �	��¥,l DF (Ø¹ C )�¥:� Q,�� EJ �4AED�	�

��uM.� GH �¥R�� JI �¥R� (ØÜ)�u P,y²: P,M,Q,K

��.
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(§²¥Æ î�LZ øK)
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K 1. ¢ê x1, x2, · · · , x2018÷v:

x1 + x2 + · · ·+ x2018 = 1007, � |xi+1 − xi| ≤ 1, i = 1, 2, · · · , 2017.

¦ x2 + x4����.

) d |xi+1 − xi| ≤ 1�±��

x1 ≥ x2 − 1, x5 ≥ x4 − 1, x6 ≥ x4 − 2, · · · , x2018 ≥ x4 − 2014,

K

1007 = x1 + x2 + · · ·+ x2018 ≥ 2x2 + x3 + 2015x4 − 1− 2014 · 2015

2
,

q x3 ≥ x2 − 1, x4 ≥ x2 − 2,l

þªm> ≥ 1009x2 + 1009x4 − 1006 · 2− 1− 1− 2014 · 2015

2
,

O��� x2 + x4 ≤ 2014.

�Ò� x1 = 1007, xk = 1010− k, k ≥ 2���. �

µ5 ù´��Ä:�Ø�ª¯K, k 60% �ÓÆ�édK. �K�g

´´|^ |xi+1 − xi| ≤ 1r x1 + x2 + · · · + x2018 � �'u x2 + x4 ��g

õ�ª, dz�ÚØ�ª���^��� x2 + x4 ��������^�:

x1 = 1007, xk = 1010− k, k ≥ 2.

K 2. ®�4ABC ´���b�n�/ (AB > AC), �O´Ù	��, M

´ BC ¥:, A1´ �Oþ A�é»:, D,E ©O´> AB,AC ò��þ�:�

÷v BD = AB,CE = AC. A2 (ØÓu A1)´ �O � 4A1DE �	���:.

y²: ∠AMC = ∠A2MC.

A2A1

ED

M

O

A

B C
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y{� (ÛÛÛ���uuu) ·�¡é>¦È����S�o>/¡�NÚo>/,�

Yy²¥ò��¦^NÚo>/�Xe5�.

ÚÚÚnnn ®� ABCD´NÚo>/, E ´ AC ¥:,KkXeAÛ5�:

4AEB ∼ 4DEA, 4CEB ∼ 4DEC;

∠BEA = ∠DEA, ∠BEC = ∠DEC.

E

B

A

C

D

£££������KKK.3 �O� BC l (Ø¹ A )þ��: A′2,¦� ABA′2C �¤NÚ

o>/ (ù�� A′2´��(½�). � AA′2�¥: N ,ë( OB,OC,NB,NC.

N

A2(A2')
A1

ED

O

M

A

CB

dÚn,4ABN ∼ 4CAN, ∠BNA′2 = ∠CNA′2.� ∠ABN = ∠CAN .K

∠BNC = 2∠BNA′2 = 2(∠ABN + ∠NAB) = 2(∠NAC + ∠NAB) = 2∠BAC.

q ∠BOC = 2∠BAC,� B,O,N,C o:��.

± A� q¥%, 2� q'� qC�.K

B → D,O → A1, N → A′2, C → E.
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@oD,A1, A
′
2, Eo:��. ù`² A2 = A′2.K ABA2C ´NÚo>/,dÚn

�� ∠AMC = ∠A2MC. �

y{� (���������) ·�¡é>¦È����S�o>/¡�NÚo>/,�

Yy²¥ò��¦^NÚo>/�Xe5�.

ÚÚÚnnn ®� ABCD´�S�o>/, E ´ AC ¥:,Kk:

� ABCD´NÚo>/��=� ∠ABE = ∠CBD;

� ABCD´NÚo>/��=� ∠BEC = ∠DEC.

E

B

A

C

D

£££������KKK. ë( A1A2¿ò�� DE ò��u X,ë( AE.

� DE ¥: N ,ë( AN,A1N,AA1, A1B,A1C,A1D,A1E.L A� DE �

R�,Rv� L,ë( AL,A2L.

L X

A2

N

A1

ED

O

M
B C

A

P4ADE �	��� ω1,4A1DE �	��� ω2.@o A1A2� �O� ω2

��¶, DE � ω1� ω2��¶.

L A� �O��� l,K l�´ ω1���.l l´ �O� ω1��¶. d�

F½n, A1A2, DE � ln��:.ù`² l²L: X,K AX ´ �O���. �

∠A1AX = 90◦.
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5¿�BC�DE,M,N©O´BC,DE�¥:.¤±,A,M,Nn:��.q

AB = BD,A1B ⊥ AD. � A1A = A1D. Ón�� A1A = A1E.K A1D = A1E.

5¿� N ´ DE ¥:,¤± ∠A1NX = 90◦. ù`² A,A1, N,X o:��.

¤± ∠AA1N = ∠A1XD.

qÏ� A1A´ �O��»,¤± ∠AA2A1 = ∠AA2X = 90◦. � A,A2, L,X

o:��.Kk ∠AA2L = ∠A2XL = ∠A1XD.ù`² ∠A1AN = ∠A2AL.

 ∠LAE = 90◦ − ∠AED = 90◦ − ∠ACB = ∠BAA1.¤±

∠BAM = ∠BAA1 + ∠A1AN = ∠LAC + ∠A2AL = ∠CAA2.

dÚn, ABA2C ´NÚo>/. � ∠AMC = ∠A2MC. �

µ5 ù´��{ü`{�AÛK,� 70%�ÓÆ�é
dK.�K��

µ´NÚo>/,¯K��uy² ABA2C´NÚo>/.�K�\Ã:�~õ,

�Ü©ÓÆ��½m�¦^NÚo>/�AÛ5�y²
(Ø.y{��'�

´� AA2�¥: (K8^�¥Ñy
éõ¥:),|^NÚo>/�AÛ5�Ú

 qØUC��5��
(Ø.y{��'�´éÑn����%,ÏL���

Ñ AM,AA2´'u ∠BAC ����,|^NÚo>/�AÛ5�y�
(Ø.

K 3. � n ´�u 27 ��ê, a1, a2, · · · , an ´�~ê���ê�, ê�

{b1, b2, · · · , bm} ⊆ {a1, a2, · · · , an}÷v m
n
≥ 7

9
.y²:8Ü

A = {bi + bj
��� 1 ≤ i, j ≤ m}

¥�3�êØ�u n���ê�.

y² duò a1, a2, · · · , an ù���ê��N²£½Ó¦±�"~ê�Ø

K�K8�?Ø,�Ø�� ai = i, 1 ≤ i ≤ n.

K 2 ≤ ai + aj ≤ 2n ,� A¥����Ø�L 2n���ê.

P B = {b1, b2, · · · , bm}.e��ê x ≤ 2nØáu A,©ü«�¹?Ø:

1)� x ≤ n�,�Äê| {j, x− j}(1 ≤ j ≤ bx
2
c) ,§�´üüØ��.

du x /∈ A,K BØUÓ��¹ê| {j, x− j}(1 ≤ j ≤ bx
2
c)¥�ü���.

Ïd

|{1, 2 · · · , n}\B| ≥
�x

2

�
,

(Ü^��, bx
2
c ≤ 2n

9
.=k x ≤ 4n

9
+ 2.

2)� n ≤ x ≤ 2n�,�Äê| {j, x − j}(bx
2
c ≤ j ≤ n),aq/,·�k

n− bx
2
c+ 1 ≤ 2n

9
.Kk x ≥ 14n

9
.
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nþ��,� 4n
9

+ 2 < x < 14n
9
�,k x ∈ A . 5¿� n > 27 ,ù�«m��

ê�ê���
14n

9
− (

4n

9
+ 2)− 1 =

10n

9
− 3 > n.

ù`² A�¹�êØ�u n���ê�. �

µ5 dK´��¥�JÝ�K,� 20%�ÓÆ�é
dK.dK´��ê

�f��MinkowskiÚ���5�.ù�¯K�'�´�ÄØ3 A¥��� x

�5�,ÏLÚ� x�üêØUÓ�Ñy3 B ¥�±�OÑ x�����,�

��±é�¥m�ã�� n���ê�.

K 4.�½Û�ê p.¡���õ p− 1g�õ�ª F (x)´/{�0,XJé

?¿� pp���ê a, b,Ñk 1
p
(F (a) + F (b)− F (ab))´�ê.

(i)y²:�3���pg�Xê´ 1
p
�{�õ�ª.

(ii)e f(x)´{��Xêõ�ª.y²:�3�ê t¦� 1
p
(f(x) + txp−1 − t)

´�Xêõ�ª.

y² (i)d¤ê�½n, é?¿� pp���ê x, k f(x) = xp−1−1
p
´�ê.

¿�é?¿� pp���ê a, b,

1

p

�
f(a) + f(b)− f(ab)

�
= −(ap−1 − 1)

p
· (bp−1 − 1)

p
= −f(a)f(b) ∈ Z.

� f(x)´÷v�¦�õ�ª.

(ii) dK��é?¿� p p���ê a , k 1
p
(2f(a) − f(a2)) ´�ê, �

f(a2) ≡ 2f(a) (mod p).

eé��ê n9� pp���ê a ,k f(an) ≡ nf(a) (mod p).dK��

� 1
p
(f(an) + f(a)− f(an+1))´�ê,�

f(an+1) ≡ f(an) + f(a) ≡ (n + 1)f(a) (mod p).

|^þã5�¿(Ü8B{ØJy²é?¿��ê n9� pp���ê a,

Ñk f(an) ≡ nf(a) (mod p) .

AO/, � p - a, ±9 n = p, ��

f(a) ≡ f(ap) ≡ pf(a) ≡ 0 (mod p).

þª1��Ó{Ò, ^�
¤ê�½n ap ≡ a (mod p), ±9 f ´���Xêõ

�ª.

�é?¿ a = 1, 2, . . . , p− 1, k p | f(a) . d¤ê�½n, k p | ap−1 − 1.
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� −f(x)� (p − 1)g�Xê� t ( t´�ê), du f �õ (p − 1) g, K

(f(x) + txp−1 − t) ´���õ (p− 2)g�õ�ª, dc¡y��(Ø�, Ù3

x = 1, 2, . . . , p− 1 ?��Ñ´ p��ê.

q p´�ê,d Lagrange½n, (f(x) + txp−1 − t)7�� p ¿Âe�"õ

�ª, K 1
p
(f(x) + txp−1 − t) ´�Xêõ�ª. �

µ5 k 21% �ÓÆ�édK. dK�µ´¤êû (Fermat Quotient)�5

��_¯K, 1 (i)¯¥�Ñ�õ�ª=�¤êû. ?�Ú, �±uy\þ�X

ê�^��, f �����x, ùÒ´�K�1 (ii)¯.

1 (ii)¯¥, ��±^Xe�E X��{�� p | f(a), ∀ 1 ≤ a ≤ p− 1:

3^�ª¥�½� pp���ê a, 2�H b = 1, 2, · · · , p− 1¿¦Ú, �

(p− 1)f(a) ≡
p−1X
b=1

f(ab)−
p−1X
b=1

f(b) (mod p).

du p´�ê, ¿� a, pp�, � a, 2a, · · · , (p− 1)a�¤� p� X. ¿du f

´�Xêõ�ª, ·���
p−1X
b=1

f(ab) ≡
p−1X
b=1

f(b) (mod p),

ùíÑ p | f(a).

K 5. �� 3n�:�²¡:8��/f;80,XJÙ¥?¿ n + 1�:

¥kü:�ål� 1.¦f;8¥ål� 1�:éê8����.

) ¤¦���� 3n.

��¡,3²¡þ� n�>�� 1��n�/,¦�?¿ü�ØÓ��n�

/�¥%�ålÑ�u 100.K?¿ü�ØÓ��n�/�º:ål�u 1,�

ã¥Tk 3n�ål� 1�:é.? n+ 1�:¥,7kü:´Ó��n�/�

ü�º:,§��ål� 1,�d�E÷v^�.

,��¡,y²ù 3n�:¥ål� 1�:é��k 3né.

òù 3n�:éAã G¥� 3n�:,eü:ål� 1,Kò§�3ã G¥

�éA:�ë.u´¯K=z�: 3n�ã G÷v? n + 1�:m��k�^>,

y²:ã G¥��k 3n^>.

�ã G���Õá:8 T1 (T1¥�:üüØ��),{e�:8P� T2,K

dK�^��, |T1| ≤ n.

d |T1|���5�, ∀A ∈ T2,�3 B ∈ T1 ¦� A,B ��.� T1 ¥�:�

T2¥�:�m��k 3n− n = 2n^>.
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�ã G��3 T2þ��Ñfã¥����Õá:8 T3 (T3 ⊂ T2),dK�

^�� |T3| ≤ n.� |T2\T3| ≥ n.Ón��, T3 ¥�:� T2\T3 ¥�:m��k

n^>,�ã G¥��k 3n^>. �

µ5 dK´��¥�JÝ�K,� 17%�ÓÆ�é.�K��þ´��ã

Ø¯K,������EéN´��,y²¥¦^4à�n���Õá8��e

.�O.,	,Ø�ÓÆuydK´ãØ¥ Turán½n���A~:ò 3n�:¥

ålØ� 1�ü:ë>,K�¯K=z�¦Ø¹ Kn+1� 3n�ã�>ê���

�.

K 6. é>Ø²1�ào>/ ABCD¥, AB ò��� DC ò���u E,

ADò��� BC ò���u F. K ´4CDF �	���4ADE �	���

�: (K 6= D).o>/ ABCD�o^	�²©��¤ào>/ GHIJ (Xã).

4CDF �	��¥,l DF (Ø¹ C )�¥:� Q,�� EJ �4AED�	�

��uM.� GH �¥R�� JI �¥R� (ØÜ)�u P,y²: P,M,Q,K

��.

N

P

M

Q

J

G

H

I
K

C

A E

F

B

D

y² dK�, HB,HC ©O´ ∠ABC,∠BCD�	�²©�.Kk

∠BHC = 180◦ − ∠HBC − ∠HCB

= 180◦ −
�

90◦ − 1

2
∠ABC

�
−
�

90◦ − 1

2
∠BCD

�

=
1

2
∠ABC +

1

2
∠BCD.
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Ón, ∠AJD = 1
2
∠BAD + 1

2
∠CDA. ¤±

∠BHC + ∠AJD =
1

2
∠BAD +

1

2
∠CDA +

1

2
∠ABC +

1

2
∠BCD = 180◦.

� G,H, I, J o:��.5¿� P ´ GH �¥R�� JI �¥R���:, ¤±

P ´� GHIJ ��%.

q I ´ 4CDF �S%, G ´ 4ABF ¥: A ¤é��%. � I,G Ñ3

∠AFB�S�²©�þ, KF, I,Gn:��.

�4ADJ �	���4DFI �	����u N(N 6= D),K N ´��o

>/ GIFDJA���:,d��:�AÛ5�� N, J,G, I o:��.

d/9½n, Q´4DFI �	%, M ´4ADJ �	%.

¤± JN ´ �M � �P �ú�u,ù`² P,M Ñ3 JN �R�²©�þ.

K ∠MPN = 1
2
∠JPN. Ón ∠QPN = 1

2
∠IPN . K

∠MPQ = ∠MPN + ∠QPN

=
1

2
∠NPJ +

1

2
∠NPI

=
1

2
∠JPI = ∠JHI,

q

∠JHI = ∠HCE + ∠HEC

= ∠QCD + ∠MED

= ∠QKD + ∠MKD = ∠MKQ,

� ∠MPQ = ∠MKQ.¤± P,M,Q,K o:��. �

µ5 ù´����(J�AÛK,�k 7%�ÓÆ�é.dK�J:3u

éÑ��o>/ GIFDJA���: N ,|^��:�AÛ5�r P,M,Q,K

éX3�å, l�Ñ
(Ø.
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