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I. Ün�\AÏ�

K 1. ¦¼ê f : R→ R ¦�é?¿ x, y ∈ R,

f(f(x) + y) = f(x2 − y) + 4f(x)y. (1)

) �½ x, � y ¦�

f(x) + y = x2 − y,

= y = x2−f(x)
2

, Kd�

f(f(x) + y) = f(x2 − y).

�é?¿ x ∈ R,

2f(x)(x2 − f(x)) = 0.

Ké?¿ x ∈ R, f(x) = 0, ½ f(x) = x2. u´ f(0) = 0.
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ek a 6= 0, f(a) = 0, 3 (1) ¥- x = 0, x = a, �©O�Ñ

f(y) = f(−y)9 f(y) = f(a2 − y).

�

f(y) = f(−y) = f(a2 + y),

= a2 � f �±Ï.

d (1), é?¿ x, y ∈ R, k

f(f(x) + y + a2) = f(x2 − y − a2) + 4f(x)(y + a2).

q

f(f(x) + y + a2) = f(f(x) + y), f(x2 − y − a2) = f(x2 − y),

�

4f(x)(y + a2) = 4f(x)y.

� a2f(x) = 0. q a 6= 0, Ïd f(x) = 0. ∀x ∈ R.

�nþ�� f(x) = x2, ∀x ∈ R ½ f(x) = 0, ∀x ∈ R.

²u�, þãü)ÎÜK¿. �

5 �K�­��/�Ò´*	 (1) �, uy�\AÏ� y �¦�ü�æ�

�ªf f(f(x) + y) 9 f(x2 − y) Ñ��K, �¡Ò{ü
.

K 2. ¦¤k�¼ê f : R→ R, ¦�éu?¿¢ê x, y, k

f(f(x)f(y)) + f(x+ y) = f(xy). (1)

) - x = y = 0, K f(f 2(0)) = 0.

�Ä z ∈ R, f(z) = 0. (dþª, ù�� z �3)

e z = 0, 3 (1) ¥- y = 0, K

f(x) = 0, ∀x ∈ R.

e z 6= 0, 1, 3 (1) ¥- x = z, y = z
z−1 , ù�k x+ y = xy. �

f(f(z)f(
z

z − 1
)) = 0.

� f(0) = 0⇒ f(x) = 0, ∀x ∈ R.

e¡b�÷v f(z) = 0 �¢ê z = z = 1, @o

f 2(0) = 1⇒ f(0) = ±1.
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f(0) = −1 �, 3 (1) ¥- y = 1, Ké?¿ x ∈ Rk

f(x+ 1) = f(x) + 1. (2)

ey f �ü�, e�3 x1, x2 ∈ R, x1 6= x2, f(x1) = f(x2).

Äk, k(Ø f(x) = −1 �)�

x = 0. (3)

ù´Ï�d (1) �� f(x+ 1) = 0⇒ x+ 1 = 1⇒ x = 0.

� N ∈ N+, ¦ (x1 +N + 1)2 > 4(x1 +N). K7k x ∈ R, y ∈ R,

x+ y = x1 +N + 1, xy = x2 +N.

u´�ù�� (x, y) �\ (1) k

f(f(x)f(y)) + f(x1 +N + 1) = f(x2 +N).

d (2) ´�

f(x1 +N + 1) = N + 1 + f(x1), f(x2 +N) = f(x2) +N.

(Ü f(x1) = f(x2), k f(f(x)f(y)) = −1. d (3) � f(x)f(y) = 0.

Ø�� f(x) = 0⇒ x = 1.� y = x1+N,Ïd x1+N = x2+N ⇒ x1 = x2,

gñ. � f �ü�.

d�3 (1) ¥- y = 0, k

f(−f(x)) + f(x) = −1. (4)

3 (4) ¥- x = −f(x), k

f(−f(x)) + f(−f(−f(x))) = −1. (5)

(4)− (5) k f(x) = f(−f(−f(x))). �

x = −f(−f(x)), (dü�) (6)

(Ü (4) k f(x) = x− 1,∀x ∈ R.

f(0) = 1 �, - g(x) = −f(x), K

g(g(x)g(y)) + g(x+ y) = g(xy)� g(0) = −1, g(1) = 0.

Ón�� g(x) = x− 1. � f(x) = 1− x.

nþ�é?¿ x ∈ R, k

f(x) ≡ 0 ½ f(x) = x− 1 ½ f(x) = 1− x.

²u�, þãn)þÜK. �
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ÀÜ, l
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II. ��g

K 3. ¦¤k¼ê f : R→ R, ¦é?¿ x, y ∈ R, k

f(x2 + y + f(y)) = 2y + f 2(x). (1)

) 3 (1) ¥- x = 0, �

f(y + f(y)) = 2y + f 2(0).

� f �÷�.

3 (1) ¥ò x �� −x, k

f(x2 + y + f(y)) = f 2(−x) + 2y,

�� f 2(−x) = f 2(x). � f(−a) = 0.

3 (1) ¥- x = 0, y = a, K

2a+ f 2(0) = f(a+ f(a)) = f(a) = 0.

3 (1) ¥- x = 0, y = −a, K

−2a+ f 2(0) = f(−a+ f(−a)) = f(−a) = 0.

�

2a+ f 2(0) = −2a+ f 2(0).

dd�� a = 0. Ïd f(0) = 0.

3 (1) ¥- y = 0 k f(x2) = f 2(x). � x ≥ 0 �,

f(x) = f 2(
√
x) ≥ 0. (2)

�

f(x2 + y + f(y)) = 2y + f(x2).

ò x2 �� x �, x ≥ 0 �,

f(x+ y + f(y)) = f(x) + 2y. (3)

� x ≥ 0, y ≥ 0, z ≥ 0, K

f(x) ≥ 0, f(y) ≥ 0, f(z) ≥ 0.

�Ä f(z + x+ y + f(y) + f(x+ y + f(y))). ��¡,

f(z + x+ y + f(y) + f(x+ y + f(y))) = f(z) + 2(x+ y + f(y)),

www.nsmath.cn 4



,��¡,

f(z + x+ y + f(y) + f(x+ y + f(y)))

= f(z + x+ y + f(y) + f(x) + 2y)

= f(z + 3y + f(y + x+ f(x)))

= 2x+ f(z + 3y + f(y))

= 2x+ 2y + f(z + 2y).

'�þüª�

f(x) + 2f(y) = f(z + 2y) (y ≥ 0, z ≥ 0).

- z = 0, k f(2y) = 2f(y), �

f(z + 2y) = f(z) + f(2y) (z ≥ 0, y ≥ 0).

�é?¿ x ≥ 0, y ≥ 0,

f(x+ y) = f(x) + f(y).

q x ≥ 0 �, f(x) ≥ 0, �

f(x+ y) ≥ f(y).

� f 3 [0,∞) þüNØ~. K f(x) = cx (x ≥ 0, c = f(1)). (d�Ü�§)


3 (3) ¥- x ≥ 0, y ≥ 0, k

c(x+ y + cy) = cx+ 2y.

� c2y = y ⇒ c = ±1, d c ≥ 0⇒ c = 1. � x ≥ 0 �, f(x) = x.

e�3 x0 > 0, f(x0) = f(−x0) K

f(−x0) = x0.

3 (1) ¥- x = 0, y = −x0, K

f(−x0 + f(−x0)) = −2x0.

� f(0) = −2x0 �� −2x0 = 0⇒ x0 = 0 gñ.

Kd f 2(x) = f(x2), �

f 2(x) = f 2(−x),

� f(x) = −f(−x). Ïdé?¿ x ∈ R, f(x) = x.

²u� f(x) = x (x ∈ R) ÜK. �

5 �K(J�?3u (1) ¥ f(x2 + y + f(y)) ¿ØUÐ?n. 
V\��
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Cþ��g�K�ò��éE,�ªfC�ü�ØÓ/ª�{üªf, l
�

�'�?Ø.

K 4. ¦¤k� f : R→ R, ¦é?¿ x, y ∈ R,

f(x+ y) = f(x)f(y)f(xy). (1)

) é?¿ x, y, z ∈ R,

f(x+ y + z) = f(x+ y)f(z)f((x+ y)z)

= f(z)f(x)f(y)f(xy)f(xz + yz)

= f(x)f(y)f(z)f(xy)f(yz)f(zx)f(xyz2), (2)

f(x+ y + z) = f(x+ z)f(y)f(xy + zy)

= f(y)f(x)f(z)f(xz)f(xy)f(zy)f(xy2z). (3)

e�3 x0 ∈ R, f(x0) = 0, Ké?¿ x ∈ R,

f(x) = f(x− x0)f(x0)f((x− x0)x0) = 0.

eé?¿ x ∈ R, f(x) 6= 0, Kd (2) (3) �,

f(xyz2) = f(xy2z).

� y 6= 0, z 6= 0, z = 1
yz
, K f(y) = f(z).

�é x 6= 0, f(x) = c (c �~ê), d (1) c3 = c ⇒ c2 = 1 ⇒ c = ±1 (du

c 6= 0). 


f(0) = f(x)f(−x)f(−x2) = c3 = c (x 6= 0).

nþé x ∈ R,

f(x) ≡ 0 ½ f(x) ≡ 1 ½f(x) ≡ −1.

²u�, þãn)ÎÜK. �

5 �K�^�ª¿Ø��E,, �eU���{��\A�¬?Ø/k


æ�. ùpV\��Cþ z ��g�±¿©|^�K�é¡5���Ü©ªf

l
�� f(xyz2) = f(xy2z).

K 5. ¦¤k�¼ê f : R+ → R+, ¦�é?¿ x, y ∈ R+,

f(x+ y + f(y)) = 4030x− f(x) + f(2016y). (1)

) P A = f(1) + 1, B = f(2016).
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3 (1) ¥- y = 1 k

f(x+ A) = 4030x− f(x) +B,

e�Ä f(x+ A+ y + f(y)). ��¡

f(x+ A+ y + f(y)) = 4030(x+ y + f(y))− f(x+ y + f(y)) +B

= 4030(x+ y + f(y))− 4030x+ f(x)− f(2016y) +B

= 4030y + 4030f(y) + f(x)− f(2016y) +B.

,��¡

f(x+ A+ y + f(y)) = 4030(x+ A)− f(x+ A) + f(2016y)

= 4030(x+ A)− 4030x+ f(x)−B + f(2016y)

= 4030A+ f(x)−B + f(2016y).

nÜþüª�

f(2016y) = 2015(y + f(y)) +B − 2015A. (∗)

3 (1) ¥- x = 1 k

f(1 + y + f(y)) = 4030− f(1) + f(2016y)

= 2015(y + f(y) + 1) + 2015− f(1) +B − 2015A.

�é?¿ x ∈ R+,

f(x+ f(x) + 1) = 2015(x+ f(x) + 1) + c (c�~ê). (2)

q3 (1) ¥- x = 2016y, �

f(2017y + f(y)) = 4030 · 2016y.

� f � R+ þ÷�.


d (∗) �,

1 +
f(2016y) + 2015A−B

2015
= y + f(y) + 1.

qé?¿ y > 0, �3 y0, f(2016y0) = y.

�é?¿ x > 1 + 2015A−B
2015

(= 1 + 2015A−B
2015

= λ), =é?¿ x > λ (λ �~

ê), �3 x0 ∈ R, ¦ x0 + f(x0) + 1 = x.

(Ü (2) �, é x > λ, f(x) = 2015x+ c.

Ø�� λ > 0 (e λ ≤ 0 �K®)û), � y > 1010λ+ 1010k, x > λ.

f(x+ y + 2015y + c) = 4030x− f(x) + 2015(2016y) + c.
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�

2015(x+ y + 2015y + c) + c = 4030x− 2015x− c+ 2015 · 2016y + c.

� 2016c = 0, Ïd c = 0.

3 (1) ¥� y > 1010λ+ 1010k, é x ≤ λ, k

2015(x+ y + 2015y) = 4030x− f(x) + 2015 · 2016y.

l
 f(x) = 2015x. �é?¿ x ∈ R+, f(x) = 2015x.

²u�, d)ÜK. �

III. |^4�)û¼ê�§

3,
¼ê�§K¥, Ù^����
Ø�ª'X. d��±�Ä­E,�

�OÚ½¿^4��Ñ¼ê�§�).

K 6. ¦¤k¼ê f : N∗ → R, ¦�é?¿ k,m, n ∈ N∗, k

f(km) + f(kn)− f(k)f(mn) ≥ 1.

) - k = m = n = 1 �

2f(1) ≥ 1 + f 2(1),

�� f(1) = 1.

- m = n = 1 �

f(k) + f(k)− f(k) ≥ 1.

�é?¿ k ∈ N+, f(k) ≥ 1.

- k = m = n �

2f(k2)− f(k)f(k2) ≥ 1, f(k2)(2− f(k)) ≥ 1.

(Üé?¿ x ∈ N+, f(x) ≥ 1 � f(k) < 2. �

f(k2) ≥ 1

2− f(k)
(∗)

e8By²: é?¿ k ∈ N+,
n+1
n
> f(k) ≥ 1 (n �?¿��ê).

n = 1 �, 2 > f(k) ≥ 1 ¤á.

�é n �®¤á (n ≥ 1), �Ä n+ 1 �, d�d (∗) k
n+ 1

n
> f(k2) ≥ 1

2− f(k)
.

�
2n+ 2

n
− n+ 1

n
f(k) > 1.
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Ïd

f(k) <
n+ 2

n+ 1
.

l
é n+ 1 �(Ø�¤á.

�é?¿ k ∈ N+, n ∈ N+,

n+ 1

n
> f(k) ≥ 1.

d�� n→ +∞, du lim
n→∞

n+1
n

= 1, � f(k) = 1(k ∈ N+).

Ïd f(x) ≡ 1(∀x ∈ N+), ²u�ÜK. �

5 �K¤U^��ª^�¿Øõ, �k�
Ø�'X. 
3�oÑ��O

2 > f(k) ≥ 1 �, B�±uy f(k) ����Øä°(, ddB�±¦4�.

K 7. ¦÷v±e^��¤k¼ê f : [1,+∞)→ [1,+∞)

(1) f(x) ≤ 2(x+ 1); (2)f(x+ 1) = 1
x
[f 2(x)− 1].

) - g(x) = f(x) − x − 1, K −x ≤ g(x) ≤ x + 1, � g(x + 1) =

1
x
g(x)(g(x) + 2x+ 2). �d

1

x
g(x)(g(x) + 2x+ 2) = g(x+ 1) ≤ x+ 2,

�

(g(x) + x+ 1)2 ≤ x(x+ 2) + (x+ 1)2 < 2(x+ 1)2.

�

g(x) < (2
1
2 − 1)(x+ 1).

e� g(x) < (2
1

2k − 1)(x+ 1)(k ∈ N+) ®¤á, K

g(x+ 1) =
1

x
g(x)(g(x) + 2x+ 2) < (2

1

2k − 1)(x+ 2).

�

(g(x) + x+ 1)2 ≤ (x+ 1)2 + (2
1

2k − 1)(x+ 2)x ≤ 2
1

2k (x+ 1)2.

�

g(x) < (2
1

2k+1 − 1)(x+ 1).

�é?¿ k ∈ N+,

g(x) < (2
1

2k − 1)(x+ 1).

� k → +∞ � g(x) ≤ 0, x ∈ [1,+∞).

9 êÆ#(�



q

g(x+ 1) =
1

x
g(x)(g(x) + 2x+ 2) ≥ −x− 1,

�

(g(x) + x+ 1)2 ≥ x+ 1,

�

g(x)2− x− 1 +
√
x+ 1 ≥ −x− 1 + x

1
2 .

(du g(x) ≥ −x � g(x) ≤ −x− 1−
√
x+ 1 Ø¤á.) �

1

x
g(x)(g(x) + 2x+ 2) = g(x+ 1) ≥ −x− 2 +

√
x+ 1,

�

(g(x) + x+ 1)2 ≥ 1 + x
√
x+ 1,

�

g(x) ≥ −x− 1 +
È
1 + x

√
x+ 1 ≥ −x− 1 + x1−

1

2k .

�®k g(x) ≥ −x− 1 + x1−
1

2k ¤á, K

g(x+ 1) =
1

x
g(x)(g(x) + 2x+ 2) ≥ −(x+ 2) + (x+ 1)1−

1

2k .

�

(g(x) + x+ 1)2 ≥ 1 + x(x+ 1)1−
1

2k > x2−
1

2k ,

�

g(x) ≥ −x− 1 + x1−
1

2k+1

é k + 1 �¤á. �?¿ k ∈ N+,

g(x) ≥ −x− 1 + x1−
1

2k ,

� k → +∞ � g(x) ≥ −1(∀x ∈ [1,+∞)),

1

x
g(x)(g(x) + 2x+ 2) = g(x+ 1) ≥ −1,

�

(g(x) + x+ 1)2 ≥ x2 + x+ 1 > (x+
1

2
)2.

� g(x) ≥ −1
2
.

�®k g(x) ≥ − 1
2k
(k ∈ N+), K

1

x
g(x)(g(x) + 2x+ 2) = g(x+ 1) ≥ − 1

2k
,
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�

(g(x) + x+ 1)2 ≥ (x+ 1)2 − 1

2k
x > (x+ 1− 1

2k+1
)2.

� g(x) ≥ − 1
2k+1 . �é?¿ k ∈ N+, g(x) ≥ − 1

2k
. � k → +∞ �� g(x) ≥

0(∀x ∈ [1,+∞)).

nþ g(x) ≤ 0(x ∈ [1,+∞)) � g(x) ≡ 0 (x ∈ [1,+∞)).

� f(x) = x+ 1 (x ∈ [1,+∞)).

²u�ÜK. �

5 �Kd^��� g(x) �����^ÃM­E�OL§=����Z�

��O (0 ≤ g(x) ≤ 0).

IV. �Eõ�ª

k�éu¼ê f e�±y x ∈ Q � f(x) ≥ x, � x /∈ Q �Ã{y², �±

�Eõ�ª^�êÄ�½ny².

K 8. �½ k ∈ N+, k ≥ 2. ¦¤k�¼ê f : R → R, ¦é?¿ x, y ∈

R, f(x+ y) = f(x) + f(y) � f(xk) = (f(x))k.

) k �óê�, x ≥ 0 �, f(x) = (f(x
1
k ))k ≥ 0. � x ≥ 0, y ≥ 0 �,

f(x+ y) ≥ f(x),

= f(x)3 [0,+∞)þüNØ~. �d�Ü�§ f(x) = cx (c ∈ R).� cxk = ckxk,

� ck = c⇒ c = 0, 1, Ïd f(x) ≡ 0 (x ∈ R) ½ f(x) = x (x ∈ R). ²u�ÜK.

k �Ûê�, d�Ü�{´�é?¿ q0 ∈ Q,

f(q0x) = q0f(x) (x ∈ R).

� q0 ∈ Q, K

(f(x+ q0))
k = (f(x) + f(q0))

k

= fk(x) + kfk−1(x)f(q0) + · · ·+ fk(q0)

= fk(x) + kq0f(1)f
k−1(x) + · · ·+ (q0f(1))

k,

�

(f(x+ q0))
k = f((x+ q0)

k)

= f(xk + kxk−1q0 + · · ·+ qk0)

= fk(x) + kf(xk−1q0) + · · ·+ fk(q0)

= fk(x) + kq0f(x
k−1) + · · ·+ (q0f(1))

k.

11 êÆ#(�



�½ x, P

g(q0) = (fk(x) + · · ·+ (q0f(1))
k)− (fk(x) + kq0f(1)f

k−1(x) + · · ·+ (q0f(1))
k).

é?¿ q0 ∈ Q, g(q0) = 0. � g(q0) z�XêÑ� 0. (du g � ≤ k gõ�

ª, 
ÙkÃ¡õ��) '��g�Xêk

fk−1(x)f(1) = f(xk−1).

�é x ≥ 0,

f(x) = (f(x
1

k−1 ))k−1f(1)

ð�K½ð��. ��� f 3 [0,+∞) þüNØ~½üNØO, d�Ü�§

f(x) = cx (c �~ê). d f(xk) = (f(x))k � ck = c⇒ c = 0,±1.

� k�Ûê�, f(x) ≡ 0 (x ∈ R)½ f(x) = x (x ∈ R)½ f(x) = −x (x ∈ R).

²u�þãn)ÜK. �
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