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1. � AM Ú CN ´��b� 4ABC �ü^p. Y ´�� AC Ú MN

��:. : X  u 4ABC S¦�o>/MBNX ´��²1o>/. y²:

∠MXN ��²©�R�u ∠MYC ��²©�.

(þ°�Æ �g øK)

2. é�½���ê n (n ≥ 2), ¦�����ê k, ¦�é?¿ k�ØÓ�

�ê¥7�3ü�ØÓ�ê, ÙÚ½�� n��ê.

(E��ÆNá¥Æ ��# øK)

3. � p´�u 5 ��ê, y²�3ü���ê m,n, ¦� m + n < p�

p | 2m3n − 1.

(þ°�Æ Ç£´ øK)

4. �½��ê n ≥ 2, ¦���¢ê c, ¦�é?¿�K¢ê a1, a2, · · · , an,

Ñ�3 i ∈ {1, 2, · · · , n}, ÷v ai−1 + ai+1 ≤ cai, Ù¥ a0 = an+1 = 0.

(¥I<¬�ÆNá¥Æ Üà� øK)

5. Xã,o>/ABCDS�u�O,�AB ·CD =

BC ·AD. �� AB,CD�uK. AC,BD�u J (O, J

ØÜ). L K � OJ �R�, ©O��� BD, AC �

u E,F . ± EF ��»����ã OJ �u T . y²:

KT ²© ∠ETF . (2Ü ©� øK)

ÂvFÏ: 2017-12-10; ?¾FÏ: 2018-01-22.
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6. �½��ê m,n (1 ≤ m ≤ n), 3 m × nÚ�M �z���¥Wþ 1

½ −1, ,�?1Xeö�: òÓ1 (½Ó�)�z�êÑÓ�\þ 1.

XJ�ÐÚ�M ¥Tk r� 1, ¦¤k���ê r, ¦ÃØ�Ð r� 1 W3

=
��¥, ÑØUÏLk�gö�¦�êC���.

(�ep?¥Æ ¾�¸ øK)

///. ))) ���

K 1. � AM Ú CN ´��b� 4ABC �ü^p. Y ´�� AC ÚMN

��:. : X  u 4ABC S¦�o>/MBNX ´��²1o>/. y²:

∠MXN ��²©�R�u ∠MYC ��²©�.

y² d4ABM v 4CBN �
BM

BN
=
AB

BC
.

l4BMN v 4BAC,� ∠BMN = ∠BAC.

� ∠MXN � ∠MYC ��²©��u P ,K

∠Y PX = ∠Y NX +
1

2
∠MYC − 1

2
∠MXN

= 180◦ − ∠XNM +
1

2
(∠BMN − ∠BCA)− 1

2
∠ABC

= 180◦ − ∠BMN +
1

2
(∠BMN − ∠BCA)− 1

2
∠ABC

= 180◦ − ∠BAC +
1

2
(∠BAC − ∠BCA)− 1

2
∠ABC

= 180◦ − 1

2
(∠BAC + ∠BCA+ ∠ABC) = 90◦.

·K�y. �

µ5 ù´{üK,�I5¿��m�'X=�.ý�õê�ÓÆ�é
d

K.
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K 2.é�½���ê n (n ≥ 2), ¦�����ê k, ¦�é?¿ k�ØÓ

��ê¥7�3ü�ØÓ�ê, ÙÚ½�� n��ê.

) �Y�: kmin = 2 + bn
2
c.

��¡, �Ä 1 + bn
2
c�ê 0, 1, . . . , bn

2
c. w,§�¥?¿ü�ØÓ�ê�

�Ø� n��ê,Ù¥?¿ü�ØÓ�ê�Úþ�u n,Ï�Ø� n��ê.

ù`²÷v^�� k ≥ 2 + bn
2
c.

ey k = 2 + bn
2
c�(Ø¤á.

é?¿ 2 + bn
2
c�ØÓ��ê, òÙ¥� n�{ iÚ n − i�ê©��|

(i = 0, . . . , bn
2
c),ù��õk 1 + bn

2
c|.dÄT�n� 2 + bn

2
c�ê7kü�ê

áuÓ�|. eùü�ê� nÓ{, KÙ�� n��ê; e§�� nØÓ{, K

ÙÚ� n��ê. ù`²d�(Ø¤á.

nþ, kmin = 2 + bn
2
c. �

µ5 dK�N´K, � 70% �ÓÆ�é
dK. dK�N´���E

1 + bn
2
c�ÄT (=òÚ½�� n��ê�ê���|).

K 3.� p´�u 5 ��ê, y²�3ü���ê m,n, ¦� m + n < p�

p | 2m3n − 1.

y{� �Ä/X 2i3j �ê, Ù¥ 1 ≤ i, j ≤ p− 1.Kù��ê�k (p− 1)2

�.5¿� (p − 1)2 ≥ p + 1, �dÄT�n���3ØÓ���êé (i1, j1),

(i2, j2)¦�

2i13j1 ≡ 2i23j2 (mod p), 1 ≤ i1, i2, j1, j2 ≤ p− 1.

du i1 6= i2½ j1 6= j2,(Üþª� i1 6= i2� j2 6= j2.

qd¤ê�½n� 2p−1 ≡ 3p−1 ≡ 1 (mod p), l

2p−12i13j1 ≡ 2i23j23p−1 (mod p),

=

2p−1+i1−i2 ≡ 3p−1+j2−j1 (mod p).

-

i =

 i1 − i2 e i1 > i2

i1 − i2 + p− 1 e i1 ≤ i2

, j =

 j1 − j2 e j1 > j2

j1 − j2 + p− 1 e j1 ≤ j2

,

Kk

2i ≡ 3j (mod p).
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e i ≤ j, -m = i, n = p− 1− j, d���êm,n÷vm+ n < p�

2m3n ≡ 2i3p−1−j ≡ 3j3p−1−j ≡ 3p−1 ≡ 1 (mod p).

e i > j, -m = p− 1− i, n = j, d���êm,n÷vm+ n < p�

2m3n ≡ 2p−1−i3j ≡ 2p−1−i2i ≡ 2p−1 ≡ 1 (mod p).

·K�y. �

y{� � 2, 3� p��©O� s, t,qd¤ê�½n�,

2p−1 ≡ 3p−1 ≡ 1 (mod p),

l s | p− 1, t | p− 1.e©ü«�¹y²(Ø.

1)e s = p− 1½ t = p− 1.� s = p− 1�,d�, 2, · · · , 2p−1�¤� p��

X,l�3��ê 0 ≤ k ≤ p− 1,¦� 2k3 ≡ 1 (mod p).5¿� k = 0½ p− 1

þØ÷vþª,lk 0 < k < p − 1.d�,- m = k, n = 1=�÷v�¦.Ó

n,� t = p− 1�,��3÷v�¦�m,n.

2)e s 6= p − 1� t 6= p − 1.(Ü s | p − 1, t | p − 1� s, t ≤ p−1
2
.d�-

m = s, n = t,Kkm+ n ≤ p− 1 < p, 2m3n ≡ 1 (mod p).

d 1)Ú 2)�(Ø¤á. �

µ5 (1). dK�¥� ´�K,�k 50%�ÓÆ�é
dK.y{�´Ä

u¤ê�½n���È���{,=�Iy²�3�u p− 1���ê i, j ¦�

2i ≡ 3j (mod p),T(J^ÄT�nB�y².y{��Ñ
��|^��{

üy²,��uy{�,Ù`:´�±|^T�{y²õ���/: � p´�u

7��ê, K�3ü���êm,n, l, ¦�m+ n+ l < 3p
2
� p | 2m3n5l − 1.

(2).e¡�y{�Ñ
m+ nþ.����r��O(ù�þ.� p = 7�

�±��,d�m = n = 2), =y²Xe·K:

� p ´�u 5 ��ê, y²�3ü���ê m,n, ¦� m + n ≤ p+1
2
�

p | 2m3n − 1.

y² � 2, 3 � p ��©O� s, t, l max{s, t} = p−1
k
, k ∈ N∗. e

max{s, t} ≤ p−1
4
,K·�� n = s,m = t =�÷v�¦.��I�Ä k = 1, 2, 3

��/. dé¡5,�Ø�� s ≥ t.Kkmax{s, t} = s.

i) e k = 1, = s = p − 1, l�3 1 < l < p ¦� 2l ≡ 3 (mod p). �

p− 1 = lq + r, Ù¥ r ≤ l, q, r ∈ N∗.

y3·�� n = r,m = q, K·�k 2n3m ≡ 2r2lq ≡ 1 (mod p). 5¿�

q+ r ≤ p−1
l

+ l− 1,�e l ≤ p−1
2
,Kd 2 ≤ l ≤ p−1

2
�m,n÷v^�.e l > p−1

2
,
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K q = 1,ld p− 1 = lq + r� n+m = p− l,d�m,n�÷v�¦.

ii)� k = 2, 3�,- Is = {2i(mod p)|1 ≤ i ≤ s}.·�y²�3��ê j ≤ k,

÷v 3j ∈ Is.¯¢þ,e 3, . . . , 3k−1 /∈ Is,� 3q × Is = {3q2i(mod p)|1 ≤ i ≤ s},

Kd�, 3q × Is, q = 0, . . . , k − 1pØ��,q5¿� s = p−1
k
,l

{1, 2, . . . , p− 1} =
k−1⋃
q=0

3q × Is.

ù�, 3k ∈ Is.l�3��ê 1 ≤ l ≤ s,¦� 2l ≡ 3j (mod p).� n = s− l,m =

j,Kkm+ n ≤ p−1
k

+ k − 1 ≤ p+1
2
� 2m3n ≡ 2s−l2l ≡ 1 (mod p).

(Ü i), ii)�(Ø¤á. �

K4.�½��ên ≥ 2,¦���¢ê c,¦�é?¿�K¢ê a1, a2, · · · , an,

Ñ�3 i ∈ {1, 2, · · · , n}, ÷v ai−1 + ai+1 ≤ cai, Ù¥ a0 = an+1 = 0.

) � c < 2 cos π
n+1
�, é 0 ≤ k ≤ n + 1, � ak = sin kπ

n+1
. d�é?¿

i ∈ {1, 2, · · · , n},

ai−1 + ai+1 = sin
(i− 1)π

n+ 1
+ sin

(i+ 1)π

n+ 1
= 2 cos

π

n+ 1
sin

iπ

n+ 1
> cai,

Ø÷v�¦.

ey� c = 2 cos π
n+1
�÷v�¦. ÄK, é?¿ i ∈ {1, 2, · · · , n}, Ñk

ai−1 + ai+1 > 2ai cos
π

n+ 1
. (∗)

·�8By², é 1 ≤ k ≤ n− 1, ÷v

ak+1 >
sin (k+1)π

n+1

sin kπ
n+1

ak.

� k = 1�, 3 (∗)¥� i = 1�, a2 > 2a1 cos
π
n+1

=
sin 2π

n+1

sin π
n+1
¤á.

b� k − 1�¤á, 5w k���/.

d8Bb�, ak >
sin kπ

n+1

sin
(k−1)π
n+1

ak−1; 3 (∗) ¥� i = k �, ak−1 + ak+1 >

2ak cos
π
n+1

. ¤±

ak+1 > (2 cos
π

n+ 1
−

sin (k−1)π
n+1

sin kπ
n+1

)ak =
sin (k+1)π

n+1

sin sin kπ
n+1

ak.

8By..

� k = n − 1 �, an >
sin nπ

n+1

sin
(n−1)π
n+1

= 1
2 cos π

n+1
an−1. �3 (∗) ¥� i = n �,

an−1 > 2an cos
π
n+1

, ù�þªgñ!

nþ, ¤¦¢ê����� 2 cos π
n+1

. �

µ5 (1). dK´�g�Á�©Ç�$���K,�k 10%�é
dK.d
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K´d 2013cÛêZæI[èÀoÁKU?5:

®� n���ê, x1, x2, · · · , xn��¢ê,y²:

min

{
x1,

1

x1
+ x2, · · · ,

1

xn−1
+ xn,

1

xn

}
≤ 2 cos

π

n+ 2

≤max

{
x1,

1

x1
+ x2, · · · ,

1

xn−1
+ xn,

1

xn

}
.

(2). �K�J:3uXÛ¦Ñ~ê c.��±ÏL��Z~ê� c = c(n),

�Ä¦¤kK¥¤kØ�ªþ¤á� (a1, · · · , an), �� c(2) = 1, c(3) =
√
2, c(4) =

√
5+1
2
, c(5) =

√
3,lßÿ c(n) = 2 cos π

n+1
.��±|^�Eê�O

�~ê c:

) (ääärrr¥¥¥ÆÆÆÚÚÚdddRRR)

�Eê� {an} : a0 = a1 = 1, an+1 = cak − ak−1(k = 1, 2, . . . , n), �

an+1 = 0 ( c��½��~ê).

)A��§ x2 − cx + 1 = 0�üEê� α = c+
√
c2−4
2

, β = c−
√
c2−4
2

.���

ak = Aαn +Bβn.- n = 0, n = 1��
A+B = a0 = 0,

A · c+
√
c2 − 4

2
+B · c−

√
c2 − 4

2
= 1.

lk A = 1√
c2−4 , B = − 1√

c2−4 .qd an+1 = 0�, αn+1 = βn+1,5¿� αβ = 1,

�k α2(n+1) = 1.ù`² α´ 2(n+ 1)gü �,¤±k

α = cos
rπ

n+ 1
+ i sin

rπ

n+ 1
, r = 0, 1, · · · , 2n− 1.

�
¦ c��,�� r = 1(� r = 0�, c = 2Ø÷v�¦),k c
2
+
√
c2−4
2

=

cos π
n+1

+ i sin π
n+1

,� c = 2 cos π
n+1

. �

K 5. Xã, o>/ ABCD S�u� O, � AB · CD = BC · AD. ��

AB,CD�u K. AC,BD�u J (O, J ØÜ). L K � OJ �R�, ©O��

� BD, AC �u E,F . ± EF ��»����ã OJ �u T . y²: KT ²©

∠ETF .

y² du AB · CD = BC · AD. � ABCD�NÚo>/.

u´� B'u �O���� D'u �O����u F ′, K F ′, C, A��.

� C 'u �O���� A'u �O����u E ′. K E ′, B,D��.

ò� AD,BC �u L. éòz�8>/ ABCCDA $^ Pascal ½n�

K,F ′, L��,Ónk E ′, K, L��,� E ′, F ′, K, L��.
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d Brocard ½n� OJ ⊥ KL, lk OJ ⊥ E ′F ′, (ÜK�� E = E ′,

F = F ′.

ë� EA,EC, KÙ� �O ��. Ó�/ë� FB, FD, K FB,FD � �O

��. ò� OJ � EF u P . K TP ⊥ EF .

q T 3± EF ��»��þ, ¤± ∠ETF = 90◦. Ïd ET 2 = EP · EF .

q ∠OBF = ∠ODF = 90◦, ∠OPF = 90◦, ¤± O,B, P, F,DÊ:��, =

B,D, F, P ��, l EB ·ED = EP ·EF = ET 2. q EB ·ED = EA2 = EC2,

¤± EA = EC = ET . Ónk FB = FD = FT .

drrNd½n, ED
DJ
· JC
CF

= EK
KF

.

q FB,FD���, ¤± (F,C, J,A)�NÚ:�. � JC
CF

= JA
AF

. Ïd

ED

DJ
· JC
CF

=
ED

DJ
· JA
AF

=
S4ADE
S4ADJ

· S4ADJ
S4ADF

=
S4ADE
S4ADF

=
AD · AE · sin∠DAE
AD ·DF · sin∠FDA

.

5¿� ∠DAE = ∠FDA. �

ED

DJ
· JC
CF

=
AE

DF
=
ET

FT
.

¤± EK
FK

= ET
FT

, �KT � ∠ETF ²©�.

=�Ky.. �

µ5 dK´�J�AÛK,�k 25%�ÓÆ�é
dK.dK�'�´�

uy EA,EC, FB, FD´����,= EF ´ J 'u��4�.dK´Ü¤K,

I�é���
Ä�ã/ÚÄ�5�'�ÙG£Brocard ½n,��5�,NÚ

:�),XJéù
5�'�ÙG,ù�K8´ØJ�Ñ5�.
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K 6.�½��êm,n (1 ≤ m ≤ n), 3m× nÚ�M �z���¥Wþ 1

½ −1, ,�?1Xeö�: òÓ1 (½Ó�)�z�êÑÓ�\þ 1.

XJ�ÐÚ�M ¥Tk r� 1, ¦¤k���ê r, ¦ÃØ�Ð r� 1 W3

=
��¥, ÑØUÏLk�gö�¦�êC���.

){� PêLM = (aij)m×n, Ù¥ aij L«M � u1 i11 j ��þ�

ê, aij = 1½ −1 (1 ≤ i ≤ m, 1 ≤ j ≤ n).

em | r, � r = mk, K�òM � k��ÑW 1, Ù{�ÑW −1, d�, ò

W −1��Ñö� 2 g, �êÑC¤ 1, gñ.

¤±m - r. Ón, n - r.

��, �m - r, � n - r�, �Ð�Ú�M 7½k�1êØ�ÓÒ, �7k

��êØ�ÓÒ (ÄK�b�gñ).

b½1 i1Ø�ÓÒ, 3T1¥?��� 1, �� aij = 1.

(1) XJ1 i1�3��ù��/−10: §¤3��Ø�� −1, KØ��

ait = −1 (t 6= j), ast = 1 (s 6= i).

- A = {aij, ast}, B = {ait, ast}, SA = aij + ast, SB = ait + asj, ½Â

f(M) = SA − SB.

P�	?¿�gö�, §¦ SA!SB Ó�O\ 1, ½ÑØC, ¤± f(M)3ö

�¥�±ØC.

b�ÏLk�gö�, ¦êLM ¥�z�êÑC¤ c, Ké�ª�êLM2,

k f(M2) = (c+ c)− (c+ c) = 0.

�é�Ð�êLM1, f(M1) = (1 + 1)− (−1 + asj) = 3− asj 6= 0, �8IØ

U¢y.

(2) XJ1 i1z�/−10¤3���� −1, K1 i17k��ù��

/10: §¤3��Ø�� 1, Ø�� air = 1, apr = −1 (i 6= p).

31 i1?��� −1, � aiq = −1 (q 6= r), du§¤3���� −1, k

apq = −1.

- A = {air, apq}, B = {aiq, apr}, SA = air + apq, SB = aiq + apr, ½Â

f(M) = SA − SB.

P�	?¿�gö�, §¦ SA!SB Ó�O\ 1, ½ÑØC, ¤± f(M)3ö

�¥�±ØC.

b�ÏLk�gö�, ¦êLM ¥�z�êÑC¤ c, Ké�ª�êLM2,

k f(M2) = (c+ c)− (c+ c) = 0.
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�é�Ð�êLM1, f(M1) = (1− 1)− (−1− 1) = 2 6= 0, �8IØU¢y.

nþ¤ã, ¤¦ r´��Ø�m��ê�Ø� n��ê���ê. �

){� (¤¤¤ÑÑÑ			III���¥¥¥ÆÆÆ ÚÚÚ¢¢¢���) e�3�� m × n�Ú� M ¥k r

�ê� 1,�é i1ö�
 ai,1 j 1ö�
 bj g�,���Ú�¥�êþ� k,

1 ≤ i ≤ m, 1 ≤ j ≤ n.lk, k − ai − bj ∈ {−1, 1}, ∀1 ≤ i ≤ m, 1 ≤ j ≤ n.�

mij ��ÐÚ�þ1 i11 j ����.

éu�½� ai,K bj �kü«�� b, b+2;éu�½� bj,K ai�kü«�

� a, a+ 2.

5¿�é¤k1½¤k��ö��g,ØK�(J.�Ø�� min{ai} =

min{bj} = 0;5¿���ü1½öü��ØUC(J,��� a1 = · · · = as =

2, as+1 = · · · = am = 0; b1 = · · · = bt = 2, bt+1 = · · · = bn = 0.

5¿�mij(1 ≤ i ≤ s, 1 ≤ j ≤ t)O\
 4,mij(s+1 ≤ i ≤ m, t+1 ≤ j ≤ n)

�±ØC, ��ÐÚ�þ�ê� 1 ½ −1, �e 0 < s < m � 0 < t < n, K

k m11 + 4 = mmn, ù� mij ∈ {−1, 1}, ∀1 ≤ i ≤ m, 1 ≤ j ≤ n gñ. �

s ∈ {0,m}½ t ∈ {0, n}.q min{ai} = min{bj} = 0,�k s 6= m½ö t 6= n,l

 s = 0½ t = 0.

1)� s = 0�,d�k tm� k− 2, (n− t)m� k,� r = (n− t)m,=m | r.

2)� t = 0�,Ónk n | r.

þ¡`²
� n - r�m - r�,÷v�¦.e¡`² n | r½m | rþØ÷v

�¦.

em | r, � r = mk, K�òM � k��ÑW 1, Ù{�ÑW−1, d�, ò

W −1��Ñö� 2 g, �êÑC¤ 1, gñ.

¤±m - r. Ón, n - r.

nþ¤ã, ¤¦ r´��Ø�m��ê9 n��ê���ê. �

µ5 dK´�J�|ÜK,�k 15%�ÓÆ�é
dK.) 1�J:3u,

�uy��/Ý/0, Ù 4 ���Ø�ÓÒ, ��3 uÓ�é����þ�

�ÓÒ, dd½ÂA�¼ê:f(M) = (aij + ast)− (ait + asj).

){�|^��ü1½ü�ØUC���(Jù�5�,ò −1ù�AÏ

���”£”�
�
��þ�,2� a11 Ú amn ùü�AÏ�'����(J.

¯¢þ,d� am1, a1n��,���þ�´|^
A�¼ê��{.

�� a�Û�uP�c["�
d©,¿�Ñ
�B�ïÆ.
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