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�). zgÿÁo�K, �m�ü����. �g0�ùügÿÁÁK�)�. ·

�ò^K 1.xL«1 1 gÿÁ�1 xK, K 2.y�¿Âaq. ���Ñ�´, Ù

¥�
){d�g¥ÆoR, nÞ¥Æ';, är¥Æã�¢ÓÆJø, 3dL

«a�.

I. ÁÁÁ KKK

K 1.1 � AB ´� �O��», CD´ �O��^R�u AB �u, E ´

CO�¥:, AE � �O�u F , �ã BC � AF , DF ©O�uM , L, 4DLM

�	��� �O�uK. y²: KM =MB.

K 1.2 � n ≥ 2 ´�½���ê, é?¿÷v ak ≥ a1 + · · · + ak−1,

k = 2, · · · , n��¢ê a1, a2, · · · , an, ¦

S =
a1
a2

+
a2
a3

+ · · ·+ an−1
an

����.

K 1.3 � {xi}∞i=1 ´����êS�, ¦�éz�é��ê m,nk xmn 6=

xm(n+1). y²: �3����ê i¦� xi ≥ 2017.

K 1.4 � AÚ B ´ü�k�8, ¦÷ve�5��N� f : A → A��

ê: �3ü�N� g: A→ BÚ h: B → A¦�

g(h(x)) = x, ∀ x ∈ B � h(g(x)) = f(x), ∀ x ∈ A.

K 2.1 � n´��ê, n ≥ 2, y²:
nY
k=2

(1 +
1

2k
) < 2.

ÂvFÏ: 2017-12-05.

1 êÆ#(�

http://www.nsmath.cn/lgszl


K 2.2 � I ´���4ABC�S%, S���I � BC, CA��:©O�

D, E, H ´4ABI �R%, K = AI ∩BH, L = BI ∩AH. y²: �I �4DKH

�	��94ELH �	��n��:.

K 2.3 ®� X ´��k�8. X = A1 ∪ · · · ∪ A10, X = B1 ∪ · · · ∪ B10 ´

÷vXe5��ü�©y: e Ai ∩ Bj = ∅, 1 ≤ i, j ≤ 10, K |Ai ∪ Bj| ≥ 10. ¦

|X|����.

K 2.4 � m ´���½���ê, d ´§����Ïf. ®� {ai}∞i=0

Ú {bi}∞i=0 ´ü�d��ê�¤���ê�, ÷v: �3��ê i, j, k, l ¦�

(ai, bj) = 1, (ak, bl) = m. y²: �3��ê t, s¦� (at, bs) = d.

///. ))) ���

K 1.1 � AB ´� �O��», CD´ �O��^R�u AB �u, E ´

CO�¥:, AE � �O�u F , �ã BC � AF , DF ©O�uM , L, 4DLM

�	��� �O�uK. y²: KM =MB.

e¡�){áu�H��g¥ÆoRÓÆ.¦��ÑK¥�^�CD ⊥ AB

´õ{�.

y² ò�KM � �Ou: T , ë� AK,KD,MO, TM, TO, TB,BK.

Ï�D,K,M,Lo:��,¤± ∠CMK = ∠KDF ,løKF = øKC+øTB,

ÏdøCF = øBT , �øCT = øBF.
�yMK =MB, �IyMO ⊥ KB, =�dy²

MO � AK ⇔ ∠OMK = ∠AKM ⇔ ∠OMK = ∠ABT

⇔ O,M, T,Bo:��⇔ ∠OMB = ∠OTB

⇔ ∠OMB = ∠OBT ⇔ ∠OMB =
1

2
øAT =

1

2
(øAC +øCT )
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⇔ ∠OMB =
1

2
(øAC +øBF )⇔ ∠OMB = ∠AMC

⇔4CME v 4BMO (Ï� ∠OBM = ∠ECM).

é4OBC Ú�� AEM ^Menelaus ½n��

CM

MB
· BA
AO
· OE
EC

= 1.

¤± CM
BM

= 1
2
= CE

BO
, qÏ� ∠OBM = ∠ECM , ¤±4CME v 4BMO. �

µ5 ù�¯K�JÝ�Ñ·��ýÏ, �k 32%�ÓÆ�édK. dKã

/��E,, �n�Ú�ê�{éJs�, éAÛUå��¦ép. ¢Ã�´·

KövkuyK¥�^� CD ⊥ AB´õ{�. ¯¢þ, � A,B,C,Dùo�:

®²(½�, : E,F,M ����(½, ¤±: T ���(½, �:K ���(

½ (�±uy, :K � ��: DÃ').

K 1.2 � n ≥ 2 ´�½���ê, é?¿÷v ak ≥ a1 + · · · + ak−1,

k = 2, · · · , n��¢ê a1, a2, · · · , an, ¦

S =
a1
a2

+
a2
a3

+ · · ·+ an−1
an

����.

){� ÷v�¦����´ n
2
.

�
y²ù�,P Ak = a1+ · · ·+ ak, k = 0, · · · , n− 1, ¿�½ A0 = a0 = 0.

dK¿��, Ak ≤ ak+1, k = 0, · · · , n− 1,

S =
n−1X
k=1

ak
ak+1

=
n−1X
k=1

Ak − Ak−1
ak+1

=
n−2X
k=1

Ak(
1

ak+1

− 1

ak+2

) +
An−1
an

≤
n−2X
k=1

ak+1(
1

ak+1

− 1

ak+2

) + 1 =
n−2X
k=1

(1− ak+1

ak+2

) + 1

= n− 1 +
a1
a2
−

n−1X
k=1

ak
ak+1

≤ n−
n−1X
k=1

ak
ak+1

= n− S.

Ïd, S ≤ n
2
, � ak = 2k−2a1, k = 2, 3, · · · , n, Ù¥ a1 ∈ R+��Ò¤á. �

S ����� n
2
. �

e¡0��nÞ¥Æ';ÓÆy² S ≤ n
2
�){.

){� �y S ≤ n
2
. ^8B{y²�r�:�(Ø:

Tn =
a1
a2

+ · · ·+ an−2
an−1

+
an−1

a1 + · · ·+ an−1
≤ n

2
, n ≥ 2.
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n = 2�, Tn ≤ 1w,¤á.

n = 3�, T3 =
a1+a2
a2

+ a2
a1+a2

− 1, - a1+a2
a2

= x, K x ∈ (1, 2].

ù� T3 = x+ 1
x
− 1 ≤ 2 + 1

2
− 1 = 3

2
.

b�(Øé n− 1 (n ≥ 4)¤á, =k Tn−1 ≤ n−1
2
. e�Ä n��¹.

ù�eUy²e¡�Ø�ª

an−2
an−1

+
an−1

a1 + · · ·+ an−1
≤ an−2
a1 + · · ·+ an−2

+
1

2
, (∗)

Kd8Bb�Ú (∗)�

Tn = Tn−2 +
an−2
an−1

+
an−1

a1 + · · ·+ an−1

≤ Tn−2 +
an−2

a1 + · · ·+ an−2
+

1

2

= Tn−1 +
1

2
≤ n− 1

2
+

1

2
=
n

2
,

ù`²(Øé n¤á.

ey (∗).

5¿� (∗)�du
an−2(a1 + · · ·+ an−1) + a2n−1

an−1(a1 + · · ·+ an−1)
≤ 2an−2 + a1 + · · ·+ an−2

2(a1 + · · ·+ an−2)
.

P A = a1 + · · ·+ an−2, Kþª�du

2an−2A
2 + 2an−2an−1A+ 2Aa2n−1

≤ (2an−2 + A)a2n−1 + (2an−1 + A)Aan−1,

=

(2an−2 − A)a2n−1 + A2an−1 ≥ 2an−1A
2.

eyþª¤á:

d^�� an−1 ≥ A, 2an−2 − A ≥ 0. �

(2an−2 − A)a2n−1 + A2an−1 ≥ (2an−2 − A)A2 + A2 · A = 2an−2A
2.

� (∗)�y. �

µ5 dKJÝ�L·��ýÏ, =k 15%�ÓÆ�é. þã){ 1 ��:

´Äk$^ Abel C�?1ð�C/, �C/��ªfØU��¦���, ´

�^^�ò§� �¹ S ��êª. þã){ 2 ��:´ØU��é S ^8B

{ (Ï�¿ØUä½ an−1

an
≤ 1

2
, ^8Bb����(Jfu(Ø), �æ^\r

�8B{, ==y²�r�:�(J Tn ≤ n
2
. ù�Bò¯K=z�y² (∗)
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ª. (∗)ª�y²XJ?nØ�¬���¡, �XJò an−1w�ÌC�, ò§=

z�'u an−1��gØ�ªÒØJ?n
. kõ ÓÆæ^þã\r8B{5

y²�K.

K 1.3 � {xi}∞i=1 ´����êS�, ¦�éz�é��ê m,n k

xmn 6= xm(n+1). y²: �3����ê i¦� xi ≥ 2017.

y² ·�¡��ê i < j ´/ëÏ�0, e�3��êm, n¦� i = mn,

j = m(n+ 1). dK��, e i, j ´ëÏ�, K xi 6= xj.

�y(Ø, �Iy {xi}∞i=1 ¥k 2017 �ØÓ��. �d, �Iy²�3

{xi}∞i=1���fS� xi1 , · · · , xi2017 ¦� i1, · · · , i2017¥�?Ûü�þ´ëÏ�.

e¡, ·�^8B�{y²����(Ø: é?¿��ê k ≥ 2, ��ê8

N∗¥UÀÑ k�ØÓ���ê i1, · · · , ik ¦�Ù¥?ü�þ´ëÏ�.

k = 2�, (Øw,¤á.

b�(Øé k ¤á, =�3üüëÏ� k ���ê i1, i2, · · · , ik. y�Ä

k + 1��¹.

5¿�é?¿��ê i < j, i, j´ëÏ���=� j − i | i. ù�XJ i, j´

ëÏ�, Ké?¿÷v i | a���ê ak a+ i� a+ j �´ëÏ�.

yPA = i1i2 · · · ik,Kd8Bb��e¡� k+1�ê: A,A+ i1, · · · , A+ ik

¥�?Ûü�þ´ëÏ�. ù`²(Øé k + 1¤á. �

µ5 dK´��JÝ·¥�¯K. §��þ�=z�e¡¯K: é?�

���ê k, �3 N∗ ��� k �f8 S ÷vé S ¥�?¿ü�� i < j k

j − i | i.

ù¦·�é��@c���©aq�¯K, ?nÃ{���. §´ 1998

c USAMO �¯K: é?���ê k, �3 N∗ ��� k �f8 S ¦�é?¿

i, j ∈ S, i 6= j k (j − i)2 | ij.

ùa�35�K^8B�E�{?n�©k�. 5¿�Øª´��/ª,

Ïd·�38Bb��Ä:þ|^²£Cz5?1�E, �,ÀJÐ²£þ´

��'�.

K 1.4 � AÚ B ´ü�k�8, ¦÷ve�5��N� f : A → A��

ê: �3ü�N� g: A→ BÚ h: B → A¦�

g(h(x)) = x, ∀ x ∈ B � h(g(x)) = f(x), ∀ x ∈ A.
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) �Y�
(|A|
|B|

)
|B||A|−|B|.

d g(h(x)) = x, ∀ x ∈ B� h´ü�, g´÷�, l |B| ≤ |A|.

d h(g(x)) = f(x), ∀ x ∈ A¤á� f ��´ h(B) = {h(x) : x ∈ B}.

5¿�

f(h(x)) = h(g(h(x))) = h(x), ∀ x ∈ B,

� f �±L«¤Xe/ª

f(x) =

x, x ∈ h(B)

ϕ(x), x ∈ A \ h(B)

,

Ù¥ ϕ´ A \ h(B)→ h(B)�?�N�.

e¡`²¤kUL«¤e/ª� f �½�3N� g: A → B Ú h: B → A

÷v^�:

f(x) =

x, x ∈ A′ ⊂ A, |A′| = |B|

ϕ(x), x ∈ A \ A′
, (∗)

Ù¥ ϕ´ A \ A′ → A′�?�N�.

� B → A′þ�����N� l(x).

¯¢þ, � h1(x)´ A′ → A′þ�ðÓN�, -

h : B → A′ ⊂ A : h(x) = h1(l(x)) = l(x), ∀ x ∈ B.

2�N� g1 : A→ A′ :

g1(x) =

x, x ∈ A′

ϕ(x), x ∈ A \ A′
,

-N� g : A→ B : g(x) = l−1(g1(x)),∀ x ∈ A.

´y g(h(x)) = x, x ∈ B� h(g(x)) = f(x), ∀ x ∈ A.

q (∗)ª� A′ �À�k
(|A|
|B|

)
«�{,  ϕ(x)�À�k |B||A|−|B| «�{,

�/X (∗)ª� f ��ê�
(|A|
|B|

)
|B||A|−|B|�, ù�´÷v^�� f ��ê. �

µ5 dK´��JK. =k 2.8%�<���édK.

kA Æ)ò f(x)�¤Xe/ª

f(x) =

x, x ∈ h(B)

ϕ(x), x ∈ A \ h(B)

,

Ù¥ ϕ´ A \ h(B) → A�?�N�, lä½ù�� f �ê�
(|A|
|B|

)
|A||A|−|B|,
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ù´�Ø�, Ù�Ï´�Ñ
?Ø f(x)���.

,	, dKÆ)~��,���Ø´, uy
 f(x)äk�/ª�Bêþ�

Ñ f �O�(J, B).. ¯¢þ, ·��I�y²äk/ª (∗)� f �½�±

é�÷v�¦� gÚ h, ù´î>5�Ä��¦.

K 2.1 � n´��ê, n ≥ 2, y²:
n∏
k=2

(1 +
1

2k
) < 2.

y² 5¿�é 0 < x < 1k 1 + x < 1
1−x . �

n∏
k=2

(1 +
1

2k
) <

1
n∏
k=2

(1− 1
2k
)
. (1)

d Bernoulli Ø�ª
n∏
k=2

(1− 1

2k
) ≥ 1−

n∑
k=2

1

2k
> 1−

1
4

1− 1
2

=
1

2
. (2)

nÜ (1), (2)á�(Ø. �

µ5 dK�{üK,�õêÆ)�é
dK.

i)þ¡�){�'�´XÛ|^ BernoulliØ�ª,Ïd (1)ª�=�´7

��.

ii)Ø�Æ)^\r8B��{y²
n∏
k=2

(1 + 1
2k
) < 2− 1

2n−2 .

iii)dK��±^Í¶�©ÛØ�ª: ln(1 + x) < x, ∀ x ∈ (0,∞)5y².

K 2.2 � I ´��� 4ABC �S%, S�� �I � BC, CA��:©

O� D, E, H ´ 4ABI �R%, K = AI ∩ BH, L = BI ∩ AH. y²: �I �

4DKH �	��94ELH �	��n��:.
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y² d^���, ∠IDB = 90◦ = ∠IKB, ¤± B,K,D, I o:��. q

∠ALB = 90◦ = ∠AKB, ¤± B,K,L,Ao:���. Ïd

∠BKD = 180◦ − ∠BID = 180◦ − (90◦ − 1

2
∠ABC)

= 180◦ − ∠BAL = ∠BKL.

Ïd, K,D,L��.

d A,E, L, I o:�� (∠AEI = ∠ALI = 90◦)k

∠ALE = ∠AIE = 90◦ − 1

2
∠CAB

= 90◦ − ∠BAI = 90◦ − ∠BAK

= ∠ABK.

qd L,A,B,K o:���, ∠ABK = 180◦ − ∠ALK. ¤± K,E,L��. �

K,D,E, Lo:��.

� S ´4DKH 	��Ú4ELH 	���1���:. K

∠DSE = 360◦ − ∠DSH − ∠HSE = ∠DKH + 180◦ − ∠HLE

= ∠LKH + ∠HLK = 180◦ − ∠KHL.

q H,L, I,K o:��, �

180◦ − ∠KHL = ∠KIL = ∠AIB = 180◦ − ∠IBA− ∠IAB

= 180◦ − 1

2
∠CBA− 1

2
∠CAB.

¤±

∠DSE = 180◦ − 1

2
∠CBA− 1

2
∠CAB.

,��¡, �S�� �I �> AB�u: F . K A,F, I, E9 B,F, I,D©O

o:��. Ïd

∠DFE = ∠DFI + ∠IFE = ∠DBI + ∠IAE

=
1

2
∠CBA+

1

2
∠CAB.

�

∠DFE + ∠DSE = 180◦.

ù`² S 34DEF �	��þ, =�4ABC �S��þ�:.

ùÒy²
 �I �4DKH �	��94ELH �	���: S. �
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µ5 dKJÝØ�,þ¡�){|^����
 E,L,D,K o:��,?

d��'X��(J.¯¢þ, H,S, I, F �´o:���.

K 2.3 ®� X ´��k�8. X = A1 ∪ · · · ∪ A10, X = B1 ∪ · · · ∪ B10´

÷vXe5��ü�©y: e Ai ∩ Bj = ∅, 1 ≤ i, j ≤ 10, K |Ai ∪ Bj| ≥ 10. ¦

|X|����.

) |X|����� 50.

·�ky² |X| ≥ 50.

�Ä8Ü A1, · · · , A10, B1, · · · , B10 ¥���ê���8Ü, Ø��� A1.

P |A1| = a, K A1�õ� B1, · · · , B10¥ a�8Ü��. Ø��

|A1 ∩Bi| 6= ∅, i = 1, · · · , k� A1 ∩Bi = ∅, i = k + 1, · · · , 10,

Ù¥ k ≤ a. � |A1 ∪ Bi| ≥ 10, i = k + 1, · · · , 10. lé ∀ i ≥ k + 1 k

|Bi| ≥ 10− |A1| = 10 − a. d |A1|���5� B1, . . . , Bk ����êþØ�u

5.l

|X| = |B1 ∪ · · · ∪B10| = |B1|+ · · ·+ |Bk|+ |Bk+1|+ · · ·+ |B10|

≥ k · a+ (10− k)(10− a) = 50 + 2 · (5− k)(5− a).

i) e a ≤ 5, K k ≤ 5, d�dþª� |X| ≥ 50;

ii)e a > 5,dA1´A1, · · · , A10¥���ê���8Ü� |X| ≥ 10a > 50.

� |X| ≥ 50.

,��¡, |X|U�� 50, ~X, �

A1 = B1 = {1, 2, 3, 4, 5} , A2 = B2 = {6, 7, 8, 9, 10} ,

· · · , A10 = B10 = {46, 47, 48, 49, 50} .

w,§�÷v^�, ù� X = {1, 2, · · · , 50}. �

µ5 dK��,e Ai ∩ Bj = ∅,K |Bj| ≥ 10− |Ai|,ù�Ø�ª�±�O�

AiØ��� Bj ����ê�e..Ïg,��^4à�n5�O{e� Bj.

K 2.4 � m ´���½���ê, d ´§����Ïf. ®� {ai}∞i=0

Ú {bi}∞i=0 ´ü�d��ê�¤���ê�, ÷v: �3��ê i, j, k, l ¦�

(ai, bj) = 1, (ak, bl) = m. y²: �3��ê t, s¦� (at, bs) = d.

y{� 5¿� m�ÅgØ±§�eZ�Ïf�� d, ù��Iyé m�

?¿�Ïf p, �3��ê α, β ¦� (aα, bβ) =
m
p
.
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du (ak, bl) = m. � ak
p
, bl
p
7k��ØU� m�Ø. Ø�� ak

p
ØU� m

�Ø.

���ê� {ai}, {bj}�ú�©O� u, v, K ai = a0 + iu, bj = b0 + jv.

e©ü«�¹:

1) e p - v. - α = k, β = l + ak
p
. ù� bβ = bl +

akv
p
.

5¿� m
p
| ak, mp | bβ, q p - v�m - ak

p
, ¤±m - bβ. ù`² m

p
´ aα, bβ �

úÏf, �mØ´§��úÏf.

e aα, bβ �3ØÓu p ��úÏf q, K q | aα, q | bβ, q | aα
p
. � q |

(aα, bβ − aα
p
v), = q | (ak, bl) = m. q p - q, � q | m

p
.

� (aα, bβ) =
m
p
.

2) e p | v. ky p - u (∗).

¯¢þ, b� p | u, d (ak, bl) = m� p | ak − ku = a0, p | bl − lu = b0. Ïd

p | ai, p | bj, ù� (ai, bj) = 1gñ! � (∗)�y.

���ê s, ¦� bl
ps
U� m

p
�Ø, �ØU�m�Ø.

- α = k + bl
ps
, β = l. ù� aα = ak +

bl
ps
u, bβ = bl.

5¿� m
p
| ak, m

p
| bl, m

p
| bl
ps
, ¤± m

p
´ aα � bβ �úÏf. q m - bl

ps
, �

p - u, ¤±m - aα, lmØ´ aα, bβ �úÏf.

��ê q ´ aα, bβ ØÓu p�úÏf, K q | bβ, q | (aα − bl
ps
u) = ak. =

q | (ak, bl) = m. q q 6= p, ¤± q | m
p
.

ù`² (aα, bβ) =
m
p
.

d 1) , 2)�(Ø¤á. �

y{� ( är¥Æã�¢)

� an = a0 + nd1, bn = b0 + nd2.

5¿�m�±ëYØ±§�eZ�Ïf�� d,��Iy²ém�?��

Ïf p,�3��ê t, s¦� (at, bs) =
m
p
.

ky²XeÚn:

ÚÚÚnnn � a, b, c ∈ N∗,e (a, b) = 1,K�3 n ∈ N∗,¦� (an+ b, c) = 1.

Úny² ?��ê q | c,e q | a,- nq = 1;e q - a,?� nq 6≡ − b
a
(mod q).

l� n ≡ nq (mod q)�,k q 6≡ an + b.� qH{ c�¤k�Ïf�,d¥

I�{½n,ù�� n ∈ N∗´�3�,� (an+ b, c) = 1.

£££������KKK.- m = pd.Ï� (ak, bl) = m,��� ak = pdx, bl = pdy,Kk

(x, y) = 1.
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Ï� (ai, bj) = 1, � p - ai ½ p - bj. Ø�� p - ai, K p - ak − ai. ¤±

p - (k − i)d1,lk p - d1.

� r = (d1, x),qdu p - d1, (x, y) = 1,� (r, py) = 1,du (d1
r
, x
r
) = 1,¤±

(d1
r
, px
r
) = 1.

3Ún¥� a = d1
r
, b = px

r
, c = py, K (a, b) = 1. ��3 n ∈ N∗, ¦�

(an+ b, c) = 1.l (d1
r
n+ px

r
, py) = 1.q (r, py) = 1,� (d1n+ px, py) = 1.

- t = k + nd, s = l,lk at = ak + ndd1 = d(d1n+ px), bs = dpy,d�k

(at, bs) = d(d1n+ px, py) = d.

·K�y. �

µ5 y²�Úy²�Ñy²
�d�·K,=�Iy p´�ê��/.Ø

Ó�´,y²�æ^©a���E��{;y²���:´�y�3 n ∈ N∗,¦

� (d1n+ px, py) = 1,���^¥I�{½n�y²Ún.
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