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K 1. � s, t´�½�g,ê, s ≤ t. -

an =

 
n

s

!
+

 
n

s+ 1

!
+ · · ·+

 
n

t

!
.

y²: é ∀ n ∈ N∗k a2n ≥ an−1an+1.

y{� (ÜÜÜ���ÐÐÐ)

� F (n, s, t) =
tP
i=s

�
n
i

�
, K�y(J�du

F (n− 1, s, t) · F (n+ 1, s, t) ≤ F 2(n, s, t). (1)

=I�Ä n > 1��¹.

5¿�

F (n, s, t) =
tX
i=s

  
n− 1

i

!
+

 
n− 1

i− 1

!!
= F (n− 1, s, t) + F (n− 1, s− 1, t− 1),

F (n+ 1, s, t) = F (n, s, t) + F (n, s− 1, t− 1)

= F (n− 1, s, t) + 2F (n− 1, s− 1, t− 1) + F (n− 1, s− 2, t− 2).

ò§�©O�\ (1)�ü>B� (1)�du

F (n− 1, s− 2, t− 2) · F (n− 1, s, t) ≤ F 2(n− 1, s− 1, t− 1).
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�·��Iy²: é ∀ s, t, n ∈ N∗k

F (n, s− 1, t− 1) · F (n, s+ 1, t+ 1) ≤ F 2(n, s, t). (2)

e^8B{y² (2).

n = 1�, (2)w,¤á.

b� (2)é n¤á, Ké n+ 1, ·�I�y²:

F (n+ 1, s, t) · F (n+ 1, s+ 2, t+ 2) ≤ F 2(n+ 1, s+ 1, t+ 1). (3)

e©ü«�¹:

1) � s = t�, (3)��� 
n+ 1

s

! 
n+ 1

s+ 2

!
≤
 
n+ 1

s+ 1

!2

,

ù���O��yÙ¤á.

2) � s < t�, d8Bb��,

F (n, s− 1, t− 1) ≤ F 2(n, s, t)

F (n, s+ 1, t+ 1)
, F (n, s+ 2, t+ 2) ≤ F 2(n, s+ 1, t+ 1)

F (n, s, t)
,

�

F (n+ 1, s, t) · F (n+ 1, s+ 2, t+ 2)

= (F (n, s− 1, t− 1) + F (n, s, t)) · (F (n, s+ 1, t+ 1) + F (n, s+ 2, t+ 2))

≤
�

F 2(n, s, t)

F (n, s+ 1, t+ 1)
+ F (n, s, t)

�
·
�
F (n, s+ 1, t+ 1) +

F 2(n, s+ 1, t+ 1)

F (n, s, t)

�
= (F (n, s, t) + F (n, s+ 1, t+ 1))2 = F 2(n+ 1, s+ 1, t+ 1).

ùÒ´ (3), y.. �

y{� (îîî���LLLZZZ)

� n ≤ s�, (Øw,¤á.

e� n ≥ s+ 1. 5¿�
�
n
i

�
=
�
n−1
i−1

�
+
�
n−1
i

�
, ∀ 1 ≤ i ≤ n− 1. ��y(Ø�

du

tP
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�
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i=s

�
n−1
i−1

�
tP
i=s
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i=s
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�
+

tP
i=s

�
n
i−1

�
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i=s

�
n
i

�

⇔

tP
i=s

�
n−1
i−1

�
tP
i=s

�
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i

� ≥
tP
i=s
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⇔

tP
i=s

�
n
i

�
tP
i=s

�
n−1
i

� ≥
tP
i=s

�
n
i−1

�
tP
i=s

�
n−1
i−1

� . (4)

5¿� �
n
i

��
n−1
i

� ≥
�
n
i−1

��
n−1
i−1

� , ∀ 1 ≤ i ≤ n− 1.

d©ª5�: e 0 < a1
b1
≤ · · · ≤ ak

bk
, K a1

b1
≤ a1+···+ak

b1+···+bk
≤ ak

bk
. ��

�
n
s−1

��
n−1
s−1

� ≤
�
n
s

��
n−1
s

� ≤
t−1P
i=s

�
n
i

�
t−1P
i=s

�
n−1
i

� ≤
�
n
t−1

��
n−1
t−1

� ≤
�
n
t

��
n−1
t

� .
2^þ¡�©ª5���:�

n
s−1

�
+

t−1P
i=s

�
n
i

�
�
n−1
s−1

�
+

t−1P
i=s

�
n−1
i

� ≤
t−1P
i=s

�
n
i

�
t−1P
i=s

�
n−1
i

� ≤
t−1P
i=s

�
n
i

�
+
�
n
t

�
t−1P
i=s

�
n−1
i

�
+
�
n−1
t

� .
ùÒ´ (4). y.. �

2.
�pn

qn

�
������ÏÏÏfff

2017 c�®�Æ7¢E [1] �1lK´��êØJK, �Qã�:

K 2. �½��ê p, q, ÷v 1 < q < p. y²: é?¿�ê r > p, �3��

ê n÷v

r |
 
pn

qn

!
.

y² (ÜÜÜôôôhhh)

d©kd½n, =Iy²: �3��ê n¦� qn3 r?�e,� �êè

' pn3 r?�e�A �êè�. ?
, �Iy²: �3 n¦� qn� rk���

�K�{�u pn� rk ����K�{, ùp k´���½���ê.

y3I�XeÚn:

ÚÚÚnnn ���ê p, q, r÷v 1 < q < p < r� r��ê, � α ∈ N∗v
��,

�3 l ∈ N∗÷v rl 6≡ 1 (mod pα), rl ≡ 1 (mod qα), rl ≡ 1 (mod pα−1).

Úny² d,�½n�, � αv
��, e� r � pα−1 ��� l, Ké

∀ pi | pk

vpi(r
l1 − 1) = vpi(p

α−1), �

l
, e� r � pα−1, qα ��©O� l1, l2, K� l0 = [l1, l2], Bk rl0 ≡ 1
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(mod pα−1), rl0 ≡ 1 (mod qα).

é?¿�ê s | [qα, pα−1], y�Ä vs(r
l0 − 1), du

vs(l0) = max {vs(l1), vs(l2)} ,

d,�½n�

vs(r
l0 − 1) = vs(r

l1 − 1)½ vs(r
l2 − 1).

du p > q, Ïd p��Ïf©)¥k���ê s0÷v s03 p¥��g�u§

3 q¥�, éuù� s0, 5¿�

vs0(r
l0 − 1) = vs0(r

l1 − 1)½ vs0(r
l2 − 1),

ùü«�¹Ñk

vs0(r
l0 − 1) < vs0(p

α).

ùp^�
�.

Ïdù� l0ÎÜ^�, Ún�y.

£££������KKK. ���v
�� b ∈ N∗¦� b÷v�� qb > p. dÚn��3

n ∈ N∗ ÷v rn ≡ 1 (mod qb), rn ≡ 1 (mod pb−1), rn 6≡ 1 (mod pb). q´��

3 c ∈ N∗� c > b¦� pc ≡ 1 (mod rn), qc ≡ 1 (mod rn). y� n0 = c− b, e

y n0÷vK¿.

� qc−b� rn����K�{� Q, K

Q · qb ≡ qc (mod rn),

=

Q · qb ≡ mrn + 1. �

qd Q < rn��m < qb.

y3��ü>� qb, Kk

m ≡ 1 (mod qb).

Ïdm = qb − 1, = Q = (1− 1
qb
)rn + 1

qb
.

aq/, � P � pc−b� rn����K�{, K

P · pb = g · rn + 1, g < pb.

þªü>� pb−1 �� g ≡ −1 (mod pb−1), 
ü> mod pb �� g 6= pb − 1, �
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g ≤ pb − 1− pb−1, Ïd

p ≤ (1− 1

p
− 1

pb
)rn +

1

pb
.

u´ p < Q. ù`² qn0 � rn ����K�{�u pn0 � rn ����K�{,

�3 qn0 , pn0 � r?�� n ê7k� þ qn0 �êè��, �·K¤á. �

3. ëëëÏÏÏ���AAAÛÛÛããã

2017 cÛêZæ�I[èÀo�Á¥kXe�AÛã¯K:

K 3. ��I[kÛê�¢½, §��m�ålüüØÓ. k
¢½�mk

V���Ê�ë�. éz��¢½, §TÚü�ål§���¢½k��Ê�.

y²: ·��±l?¿��¢½��,��.

y² (xxx[[[���)

Äk�Eã G: Ù¥�º:L«¢½; eü�¢½mk��Ê�, K3éA

�ü:�më>, ùp�>´k�Ý�, =�ÙéAü¢½m�ål. d^��,

e G¥�n�: X, Y, Z ÷v XY ´>, X Ú Z vkë>, K |XY | > |XZ|.

y5y² G´ëÏ�.

^�y{. b� GØëÏ, K G��kü�ëÏ©|.

du G¥z�:�Ý� 2, Ïd G�z�ëÏ©|þ´���. q G�o

º:ê�Ûê. � G�,�ëÏ©|7´Û� (Ûê�º:��).

� C1 ´ G ���Û�, ù�2� G �Éu C1 �,�ëÏ©|¥��

^> AB, 5¿� C1 �:þ� A Ú B vk>�ë. ?�º: P ∈ C1, K

|PA| < |AB|, |PB| < |AB|.

y©>± A,B ��%, |AB|��»�ã, ü��u

X, Y (Xmã), K P Q3 �AS, q3 �BS.

y½Â«� α : øAX,øXB,AB �¤�«�; «� β :øAY ,øY B,AB�¤�«�, K: P 3 α ∪BS.

P C1 3 αS�:�8Ü� C
(1)
1 , 3 β S�:�8Ü

P� C
(2)
1 . du C1´Û�, ��ÜãØ¹Û�, � C1Ø´�Üã, u´ C

(1)
1 ¥

k�é�ë�:½ C
(2)
1 ¥k�é�ë�:.

Ø�� Q,R ∈ C(1)
1 , � Q,R�ë. Ø�� Q� AB�ålØ�u R� AB

�ål, � Q3 AB¥R�mý (�C B), Xmeã.

� RH ⊥ AB. du ∠QRH ≥ 90◦ > ∠QHR, ¤± QR < QH.
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q ∠QHA ≥ ∠QBA ≥ ∠QAB, Ïd QH ≤ QA, �

QR < QA.

5¿� QR´>, ù`² Q,Ak>�ë, ù�§�©

O uØÓëÏ©|þgñ!

nþ, G´ëÏ�, ½=·��l?¿��¢½��

,��. �

4. ������lllÑÑÑ Northcott ØØØ���ªªª

K. Fan, O. Taussky Ú J.Todd 3 1955 cïá
��lÑ� NorthcottØ�

ª [2]. §�Uã�e¡�4�¯K:

K 4. �½�ê n ≥ 2, ¢ê x1, · · · , xn÷v

(1)
nP
i=1

xi = 0; (2) max
1≤i≤n

|xi| = 1.

¦ max
1≤i≤n

|xi − xi+1|����, Ù¥ xn+1 = x1.

)� (HHHeee���)

PM = max
1≤i≤n

|xi − xi+1|.

5¿�¯K´Ó�é¡�, Ø�� x1 = 1.

1) � n´óê�, � n = 2k, k ∈ N∗.

du |x1 − x2| ≤M , ¤± x2 ≥ x1 − |x1 − x2| ≥ 1−M . ?
k

x3 ≥ x2 − |x3 − x2| ≥ 1− 2M.

��/, é?¿ r ∈ {2, · · · , k + 1}k

xr ≥ 1− (r − 1)M. �

q |x1 − x2k| ≤M , ¤± x2k ≥ x1 − |x1 − x2k| ≥ 1−M . ?
k

x2k−1 ≥ x2k − |x2k+1 − x2k| ≥ 1− 2M.

��/, é?¿ r ∈ {k + 2, · · · , 2k}k

xr ≥ 1− (2k + 1− r)M. �

(Ü�,�9^��

0 = x1 +
k+1X
r=2

xr +
2kX

r=k+2

xr = 2k − k2M.

�M ≥ 2
k
.
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� x1 = 1, xr = 1− 2
n
(r− 1), r = 2, 3, · · · , k, xk+1 = −1, xn+1+r = −1+ 2

k
r,

r = 1, 2, · · · , k − 1�, ÷v^��d�M = 2
k
. �M ����� 2

k
.

2) � n�Ûê�, � n = 2k + 1, k ∈ N∗.

d 1) �y²´� x2 ≥ 1 − M , x3 ≥ 1 − 2M , · · · , xk+1 ≥ 1 − kM , �

x2k+1 ≥ 1−M , x2k ≥ 1− 2M , · · · , xk+2 ≥ 1− kM .

ò§��\¿^^�B�

0 =
n∑
i=1

xi = 2k + 1− k(k + 1)M.

�M ≥ 2k+1
k(k+1)

.

� x1 = 1, xr = 1− 2k+1
k(k+1)

(r − 1), r = 2, 3, · · · , k + 1,

x2k+2−r = 1− 2k

k(k + 1)
r, r = 1, 2, · · · , k.

5¿�d�

min
1≤i≤n

xi = 1− (2k + 1)k

k(k + 1)
= − k

k + 1
> −1,

l
´�y§�÷v^�. �M ����� 2k+1
k(k+1)

.

nþ,

Mmin =


2
k

n = 2k (k ∈ N∗);

2k+1
k(k+1)

n = 2k + 1 (k ∈ N∗).

�

�� Ad��G�ÊP�Ú��¤ÓÆ"�
Ü©v�9JÑ
?U¿
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