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I. ÁK

�! 1�@\ÁK

1.1 : P,Q u��²1o>/ ABCD	Ü, ¦�4ABP Ú4BCQþ

´�>n�/. PL P �R�u PD���� l1, L Q�R�u DQ����

l2. y²: l1� l2��: u4ABC L B:�p�þ.

1.2 � a1, a2, · · · , a24 ´�ê�÷v a1 + a2 + · · · + a24 = 0, |ai| ≤ i,

i = 1, 2, · · · , 24. ¦ S = a1 + 2a2 + · · ·+ 24a24����.

1.3 ����ê n��/Û%�0, XJ�3�ê a, b > 1¦� n = ab + b.

¯´Ä�3 2014 �ëYg,ê¦�Ù¥Tk 2012 �Û%ê?

1.4 ¦äkeã5�����ê r: òz���ê?¿/þ r«ôÚ��,

Ko�3ü�ÓÚ���ê x, y÷v 2 ≤ x
y
< 8.

�! 1�@\ÁK

2.1 � {an}∞n=1 ´��ú��"�d��ê�¤���ê�, ¯é?��

��ê k (k ≥ 3), { 1
an
}∞n=1¥´Ä�3 k����fS�?

2.2 � H ´ 4ABC �R%, M ´> BC �¥:, P,Q´± AH ��»

��þ�ü�ØÓ: (�§�þØ� A­Ü), ¦�M  u�� PQþ, y²:

ÂvFÏ: 2017-07-29.
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4APQ�R% u4ABC �	��þ.

2.3 éz���ê n, ½Â

an =
(n + 1)(n + 2) · · · (n + 2010)

2010!
.

y²: �3Ã¡õ� n¦� an´��vk�u 2010 ��Ïf��ê.

2.4 � S ´�� m(n + 1) − 1�8, ò S �¤k n�f8?¿©¤ü|,

y²: �½k�|p��km�üüØ�� n�f8.

n! 1n@\ÁK

3.1 ¦¤k¼ê f : R→ R¦�é?¿ x, yþk f(x+y) = f(x)+f(y)+2xy

� x2 − |x| 12 ≤ f(x) ≤ x2 + |x| 12 .

3.2 ¦¤k���ê a, b, c¦� (2a − 1)(3b − 1) = c!.

3.3 �ào>/ ABCDS�u �O, AD ∩ BC = {E}, M,N ©O´ AD,

BC þ�:¦�
AM

MD
=

BN

NC
,

4EMN �	��� �O�ü��:� X, Y . y²: AB, CD, XY n�²1½

�:.

3.4 � n�óê, �Sþ¯k��Ð
 n�<�¶¡, 
ù n�<vk5

¿�ù
¶¡, �Å�3¶¡c. y²: o�±ò�S?1·�^=¦���k

ü<�3gC�¶¡c.

II. )�

�! 1�@\ÁK

1.1 y² ()�5g��¤)
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� l1� l2�uM , ë�MA,MB,MC. du

AP = AB = DC, CQ = CB = AD.

∠DAP = ∠DAB + 60◦ = ∠DCB + 60◦ = ∠DCQ,

� 4DAP ∼= 4QCD. ¤± DP = DQ. qÏ� PM ⊥ PD, QM ⊥ QD, ¤±

QM = MP .


 AP
sin∠ADP

= AD
sin∠APD

, ¤±

AP

sin∠CQD
=

CQ

sin∠APD
.

�

AP sin∠APD = CQ sin∠CQD.

�yMB ⊥ AC, K�dy²

MC2 −MA2 = BC2 −BA2.

5¿�

MC2 = CQ2 + QM2 − 2QM · CQ · cos∠CQM,

MA2 = MP 2 + AP 2 − 2AP · PM · cos∠APM.

�

2QM · CQ · cos∠CQM = 2QM · CQ · cos(90◦ + ∠CQD)

= − 2QM · CQ · sin∠CQD = −2PM · AP · sin∠APD

= 2PM · AP · cos∠APM.

¤±

MC2 −MA2 = CQ2 − AP 2 = BC2 −BA2.

�Ky.. �

1.2 ) du a1, · · · , a24 ∈ Z� |ai| ≤ i, ù� S ���´k��. Ïd S �

½�3���.

e¡y²äó (∗): XJ S �����, Ké?Û�V��ê (m,n)

(1 ≤ m < n ≤ 24)k am = −m½ an = n.

¯¢þ, XJäó (∗)é,V (m,n)Ø´ý�, = am 6= −m� an 6= n, K

ò (am, an)�� (am − 1, an + 1), ù�^�E÷v, � S O\
 n −m, ù� S

���5gñ! � (∗)�y.

d^� a1 + · · ·+ a24 = 09äó (∗)�� S��, 7L�3��ê sÚ t¦
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� am = −m, é ∀ 1 ≤ m ≤ s� an = n, é ∀ t ≤ n ≤ 24, Ù¥ t = s + 1, s + 2.

e©ü«�¹:

(1) e t = s + 1, Kd^��

−(1 + 2 + · · ·+ s) + ((s + 1) + (s + 2) + · · ·+ 24) = 0,

=
s(s + 1)

2
= 150,

ùÃ�ê), gñ!

(2) e t = s + 2, ù�d 1 + 2 + · · ·+ 16 = 136, 18 + 19 + · · ·+ 24 = 147�

a17 = −11. �¤¦�����

−(12 + 22 + · · ·+ 162) + 17× (−11) + (182 + 192 + · · ·+ 242) = 1432.

�

1.3 ){� P8Ü {n, n + 1, · · · , n + 2013}¥�Û%ê��ê� f(n), K

f(n + 1)− f(n) ∈ {−1, 0, 1}.

5¿� 1, 2, 3, 4, 5 Ø´Û%ê, Ïd {1, 2, · · · , 2014}¥�Û%ê < 2012,

= f(1) < 2012.

,��¡, - n0 = ab(b+1)(b+2)···(b+2013), Ù¥ a, b ∈ N∗, a, b > 1. K n0 + b,

n0 + b + 1, · · · , n0 + b + 2013´ 2014 �ëY�Û%ê. = f(n0 + b) ≥ 2014.

dlÑCþ�0�½n��3 k¦� f(k) = 2012, y.. �

){� ()�5g��¤) �3. e¡5�Eù
ê.

� N = [2, 3, 4, · · · , 2010, 2012, 2013, 2014], Ï� 2011 ��ê, � 2011 - N .

�Ä 2N + 1, 2N + 2, 2N + 3, · · · , 2N + 2014ù 2014 �ê. eyÙÎÜ�¦.

(1) é i ∈ {2, 3, · · · , 2010, 2012, 2013, 2014}, i | N . ¤± 2N + i = (2
N
i )i + i.

d� N
i
≥ 1, ¤± 2

N
i > 1. q i > 1, �- 2

N
i = a, i = b=�.

(2) e�3 a, b ∈ N+, a > 1, b > 1, ab + b = 2N + 1. ´� 2 | N .

i) e a�Ûê, Kdu 2N + 1�Ûê, � b�óê. ¤±

b− 1 = (2
N
2 − a

b
2 )(2

N
2 + a

b
2 ) ≥ 2

N
2 + a

b
2 .


 a
b
2 ≥ 3

b
2 ≥ b > b− 1. gñ.

ii) e a�óê, K 2N − ab = b− 1.

� e b ≥ 2N , K ab + b > 2N + 1, gñ.

� e b ≤ 2N − 1, �Ä v2(a
N − ab) (vp(n)� n¥�Ïf p��g).

du 2b | ab,� v2(2
N−ab) ≥ min {N, b},q b ≤ 2N−1,¤± v2(b−1) < N .
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 b− 1 < 2b, ¤± v2(b− 1) < b� b− 1 > 0, gñ. � 2N + 1Ø´Û%ê.

(3) e�3 a, b ∈ N+, a > 1, b > 1, ab + b = 2N + 2011.

e b = 2011,K a2011 = 2N , ù� 2011 - N gñ. � b 6= 2011.

i) e a�Ûê, K b�óê, |a b
2 − 2

N
2 |(a b

2 + 2
N
2 ) = |b− 2011| ≥ a

b
2 + 2

N
2 .

� e b > 2011, K a
b
2 + 2

N
2 > a

b
2 ≥ b− 2011, gñ.

� e b < 2011, K a
b
2 + 2

N
2 > 2

N
2 > 2011, gñ.

ii) e a�óê, K

� e b > 2011, 2N − ab = b− 2011. ´� b− 2011 < 2N .

Ó�k v2(2
N − ab) ≥ min {N, b} > b− 2011, gñ.

� e b < 2011, K v2(2
N − ab) ≥ min {N, b}. 
 N > 2011 > v2(2011 − b).

�k b ≤ v2(2011− b) ≤ 10. q b ≤ 10, ¤± b | N , ¤± ab − (2
N
b )b = 2011− b.




ab − (2
N
b )b ≥ (2

N
b + 1)b − (2

N
b )b

≥ C1
b · (2

N
b )b−1 = b · 2

b−1
b

N

≥ b · 2
N
2 > 2011 > 2011− b,

gñ.

nþ, 2N + 2011½Ø´Û%ê.

� 2N + 1, 2N + 2, · · · , 2N + 2014¥T 2N + 1, 2N + 2011ü�Ø´Û%ê.�

1.4 ) ¤¦����ê r = 3.

ky r = 3�, òz���ê?¿/þ 3 Ú��, Ko�3ÓÚ�ü���

ê x, y÷v 2 ≤ x
y
≤ 8.

e¤k�u�u 2 ���êþ�Ó�«ôÚ, K(Øw,¤á. ÄK, �3

��ê t ≥ 2¦� tÚ t + 1ØÓÚ. �Äe¡ 4 ���ê, a0 = t, a1 = t + 1,

a2 = 2(t + 1), a3 = 4(t + 1), ù�´�é 0 ≤ i < j ≤ 3 ((i, j) 6= (0, 1))k

2ai ≤ aj ≤ a3 < 8t ≤ 8ai,

=

2 ≤ aj
ai

< 8. (∗)

� a0, a1, a2, a3ù 4 �ê/
 3 «ôÚ, �7kü�êÓÚ.

Ø�� ai, aj ÓÚ (0 ≤ i < j ≤ 3), �5¿� (i, j) 6= (0, 1), Ïdd (∗)��

3ü�ÓÚ�ê ai, aj ÷v 2 ≤ aj
ai

< 8.
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2y�òz���ê/þ 4 Ú��, ¦�vkÓÚ�ü�ê x, y ÷v

2 ≤ x
y
≤ 8.

ò 4 «ôÚP� 0, 1, 2, 3, ò��ê n / i (0 ≤ i ≤ 3) Ú��=�

[log2 n] ≡ i (mod 4). ù��/{÷v�¦. ¯¢þ, é?¿÷v 2 ≤ x
y
≤ 8�

��ê x, yk

[log2 x]− [log2 y] ≤ dlog2

x

y
e ≤ dlog2 8e = 3,

9

[log2 x]− [log2 y] ≥ [log2

x

y
] ≥ [log2 2] = 1.

Ïd [log2 x] 6= [log2 y] (mod 4). = x� yØÓÚ.

nþ¤ã, ÷vK¿�����ê´ r = 3. �

�! 1�@\ÁK

2.1 ) ���ê� {an}∞n=1�Ä�� a1, ú�� d (d 6= 0). P

N = a1(1 + d) · (1 + 2d) · · · · · (1 + (k − 1)d).

�Ä k�ê: N , N
1+d

, N
1+2d

, · · · , N
1+(k−1)d .

Ï�§�Ñ��¤ a1 + md�/ª, Ù¥ m ∈ N∗, �§�þ´ {an}∞n=1 ¥

��. Ïd 1
N
, 1+d

N
, 1+2d

N
, · · · , 1+(k−1)d

N
´S� { 1

an
}∞n=1��, q´�§�¤��ê

�, ��¤¦� k����ê�. �

2.2 y² ()�5g��¤) ò� HM � 4ABC 	��u U . ´� AU

�4ABC 	���».

�� AD ⊥ PQ�± AH ��»��u D, � PQu E, ë DH.

� AD � AU ��»��u H ′, du AD ⊥ DH, AD ⊥ MQ, ¤±

HD � MQ.
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q AU � 4ABC 	���», ¤± AH ′ ⊥ H ′U , = AD ⊥ H ′U , ¤±

H ′U � EM � DH.

q U,M,H ��� UM = MH, ¤± H ′E = ED, ¤± H ′�4APQR%.

¤±�Ky.. �

2.3 y² ()�5g��¤) � n = k · (2010!)2 (k ∈ N+), K

an =
2010∏
i=1

n + i

i
=

2010∏
i=1

(n
i

+ 1
)
.


é i ∈ {1, 2, · · · , 2010}, 2010! | n
i
� n

i
∈ Z.

�e�3�Ïf p | an, p < 2010,K�3 j ∈ {1, 2, · · · , 2010}¦ p | n
j

+ 1.

q 2010! | n
j
� p | 2010!, ¤± p | 1,gñ. �

2.4 y² �½ n, ém^êÆ8B{.

�m = 1�, ·Kw,¤á.

b�·Kém− 1 (m > 1)¤á.

r (n + 1)m− 1�8�¤k n�f8?¿©¤ü|, 3ùü|¥©O�Ñ

n�f8 AÚ B, �¦� |A ∩B|��, K |A ∩B| = n− 1.

¯¢þ, e |A ∩ B| = k < n − 1, � a ∈ A, a /∈ B, b ∈ B, b /∈ A, P

C = (B ∪ {a}) \ {b}, K |C| = n, � |A ∩ C| = k + 1 > k, |B ∩ C| = n− 1 > k,

ù� A,B��{¦ |A ∩B|��gñ.

�Ä S \ (A ∪ B), Ï� |A ∪ B| = |A| + |B| − |A ∩ B| = n + 1, ¤±

|S \ (A ∪B)| = (n + 1)(m− 1)− 1, r¹ A ∪B¥��� n�f8�K, �e�

´ S \ (A ∪ B)¥� n�f8. d8Bb��, Ù¥7k�|, �3�� (m− 1)

�üüØ�� n�f8, 3ù|¥\\ A (e A�53ù|¥)½ B (e B�5

3ù|¥), =��m�üüØ�� n�f83Ó�|¥, �·Kém¤á.

nþ¤ã, dêÆ8B{�·K¤á. �

n! 1n@\ÁK

3.1 ) � g(x) = f(x) − x2, Ké?¿� x, yþk g(x + y) = g(x) + g(y),

� |g(x)| ≤ |x| 12 . Ïd, éu?¿� xÚ��ê nk

|g(x)| = |g(nx)|
n

≤
√
|x|
n
.

- n→ +∞, � g(x) = 0.

l
, f(x) = x2. �
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3.2 ) � c = 1�Ã); � c = 2�, a = b = 1; � c = 3�, a = 2, b = 1.

� c ≥ 4�, 4 | c!, Ï� 2a − 1´Ûê, ¤± 4 | 3b − 1, u´ b´óê. �

2k | b, Ù¥ k´��ê, ey 2k+2 | 3b − 1.

é k ^8B{. � k = 1 �, � b = 2b1 (Ù¥ b1 ´Ûê), K 3b − 1 =

(3b1 +1)(3b1−1). Ï� 3b1 +1 ≡ 4 (mod 8), 3b1−1 ≡ 2 (mod 4),¤± 4 | 3b1 +1,

2 | 3b1 − 1, � 8 | 3b − 1. b� k�¤á, k + 1�, � b = 2k+1m (Ù¥m´Û

ê),K 3b−1 = (32km +1)(32km−1). d8Bb� 2k+2 | 32km−1,q 32km +1 ≡ 2

(mod 4), ¤± 2k+3 | 3b − 1, = k + 1�¤á.

d^�, 2k+2 | c!,¤± c ≤ 2k+ 3,ùpÏ� c ≥ 4� 2k+2 | 2 · 4 · · · · · (2k) ·

(2k + 2). u´ 32k − 1 ≤ (2a − 1)(3b − 1) = c! ≤ (2k + 3)!, dd�� k ≤ 3, l


c ≤ 9. qÞ�, � c = 4�, a = b = 2; � c = 5�, a = 4, b = 2; � c = 6�, Ã

); � c = 7�, a = 6, b = 4. �

3.3 y² e AB �CD, KMN �AB �CD, ¤±XY �AB �CD (dé¡

5).

e AB � CD Ø²1, � AB ∩ CD = {F}. ë EF , 3 EF þ�: R, ¦

C,D,R,E ��. K ∠DRE = ∠DCB = ∠DAF , ¤± A,F,R,D��.

Ïd R ���o>/ FABCED ����:. l
 R,E,A,B ��,

R,C,B, F ��,� ∠RDC = ∠RAB, ∠RCD = ∠RCF = ∠RBF = ∠RBA. Ï

d4RBA v 4RCD, 4RDA v 4RCB.

q CN
CB

= DM
DA

, � CN
DM

= CB
DA

= RC
RD

. � ∠RDA = ∠RCB, ¤± 4RDM v

4RCN .

Ïd 4RDC v 4RMN , = ∠RMN = ∠RDC = 180◦ − ∠REN , �

R,M,N,E ��.
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� R,M,E,N �u� Γ1, D,C,R,E �u� Γ2, A,B,C,D�u� Γ. �Ä

Γ,Γ1,Γ2n�üü�¶ XY,ER,DC.

d�F½n XY,ER,DC �:, q ER ∩ CD = F , � XY L F .

q BA ∩DC = F , ¤± AB,CD,XY �u: F . l
�Ky.. �

3.4 y² ()�5g��¤) ò�S^��^=ål� 1, 2, · · · , n − 1 (Ø

�� n�<3�Sþ´�å�, ��ü<ål� 1).

´�, ^��^=ål� n + t���u^��^=ål� t (t ∈ N).

�Ð©, ^��^= 1, 2, · · · , n− 1ù n���©Ok x0, x1, · · · , xn−1�<

�3gC�¶¡c.

qduz�<3þã n ���k�=k�g�3gC¶¡c, ¤±

x0 + x1 + · · ·+ xn−1 = n.

�y{. b�(ØØ¤á. K x0 = x1 = · · · = xn−1 = 1 (ÄK�3 xi ≥ 2).

d��Ð©��¶¡� 1, 2, · · · , n. U^��^Sü�Ð, ��3¶¡�

i�<¦�¶¡AT� ai (i = 1, 2, · · · , n) (a1, a2, · · · , an � 1, 2, · · · , n�ü�).

Kòz� ai^��=Ä yi =

ai − i ai ≥ i

n + ai − i ai < i

g�d<�£�� .

´� 0 ≤ yi ≤ n − 1� yi 6= yj (i 6= j �), ù´Ï�e yi = yj K=Ä yi g

�dü<Ñ3�( �þ, gñ.

� y1, y2, · · · , yn� 0, 1, · · · , n− 1���ü�. ¤±

y1 + y2 + · · ·+ yn ≡ 0 + 1 + · · ·+ n− 1 ≡ 1

2
n(n− 1) (mod n).

q yi ≡ ai − i (mod n) (i = 1, 2, · · · , n), ¤±
n∑

i=1

yi ≡
n∑

i=1

ai −
n∑

i=1

i ≡ 0 (mod n).

� n | 1
2
n(n− 1). q n− 1�Ûê (du n�óê),gñ. �
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